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Abstract

This paper describes in detail how to compute the square root, inverse (1/x), and Vx to
arbitrary precision. It surveys traditional iterative methods, Newton, Chebyshev, and
Goldschmidt, and introduces an improved iteration scheme using laddered precision
scheduling that approximately halves the runtime of each computation. The paper also
derives rigorous theoretical lower bounds on the number of guard digits required to
guarantee a result within one ULP of the true value for each algorithm, presented in
Appendix A (square root), Appendix B (inverse), and Appendix C(nth-root). The original
paper dates from 2013; this revision incorporates additional methods and the guard digit
analysis.

Introduction

Usually, when implementing arbitrary precision math packages, the standard Newton

iteration is the preferred method for calculating the square root, inverse (1/x), or Vx . The
Newton method has quadratic convergence, meaning the number of correct digits doubles
with each iteration. This is the traditional approach and has been implemented in various
arbitrary precision packages. However, methods with higher-order convergence rates
exist, notably Chebyshev's method with cubic convergence and the Goldschmidt method;
we examine whether the extra work per iteration is justified compared to Newton's
method.

Beyond the algorithmic comparison, the paper also derives rigorous theoretical lower
bounds on the number of guard digits needed to guarantee a result within one ULP of the
true value. These bounds are worked out from first principles for each algorithm by
counting floating-point operations per iteration and checking for catastrophic
cancellation, and are presented in Appendix A (square root methods), Appendix B
(inverse methods), and Appendix C(nth-root).

As usual, we will show the actual C++ source code for the computation using the
author’s arbitrary-precision Math library; see [1].

This paper is part of a series of papers on arbitrary precision methods detailing
implementation and optimization techniques. These papers can be found on my website
at www.hvks.com/Numerical/papers.html and are listed below:
1. Fast arbitrary precision integer multiplication. HVE Fast arbitrary precision
integer multiplication

2. Fast Computation of Math Constants in arbitrary precision. HVE Fast Computation of
Math Constants in arbitrary precision
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3. Fast Gamma, Beta, Error, and Zeta functions for arbitrary precision. HVE Fast
Gamma, Beta, Error, and Zeta functions for arbitrary precision.

4. Fast Square Root and inverse calculation for arbitrary precision math. HVE Fast
Square Root & inverse calculation for arbitrary precision

5. Fast Exponential calculation for arbitrary precision math. HVE Fast Exp() calculation
for arbitrary precision

6. Fast logarithm calculation for arbitrary precision math. HVE Fast Log() calculation for
arbitrary precision

7. Practical implementation of Spigot Algorithms for Transcendental Constants.
Practical implementation of Spigot Algorithms for transcendental constants
Practical implementation of  algorithms. HVE Practical implementation of PI Algorithms
Fast trigonometric functions for arbitrary precision. HVE Fast Trigonometric calculation
for arbitrary precision

10. Fast Hyperbolic functions for arbitrary precision. HVE Fast Hyperbolic calculation for
arbitrary precision

11. Fast conversion from an arbitrary-precision number to a string. HVE Fast
conversion from arbitrary precision to string

12. Fast conversion from a decimal string to an arbitrary precision number. HVE Fast
conversion from string to arbitrary precision

13. Fast Computation of Stirling’s numbers in arbitrary precision. HVE Fast Computation
of Stirling numbers in arbitrary precision

14. Fast Prime computation in arbitrary precision. HVE Fast Prime Computation in arbitrary
precision

15. Fast PRNG in arbitrary precision. HVE Fast PRNG in arbitrary precision

16. Fast Fibonacci sequence in arbitrary precision. HVE Fast Fibonacci in arbitrary precision

Change log

2 October 2026. Added Chebyshev and quartic method for the inverse (1/a). Revised the
entire chapter on the sqrt method and nroot methods. Plus, bug fixes and typo corrections.
5 March 2026. Added appendices A, B, and C covering bounds for the errors in the
computation of the functions in this document. Improved the layout and the text
throughout the document.

3 January 2026. Minor typos

1 March 2023. Minor corrections,

26 January 2023. Cleaning up the document grammatically.
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The Arbitrary precision library
If you already are familiar with the arbitrary precision library, you can skip this section.

To understand the C++ code and text, we have to highlight a few features of the arbitrary
precision library where the class name is float precision. Instead of declaring a variable
with a float or double, you just replace the type name with float precision. E.g.

float_precision f; // Declare an arbitrary precision float with 20 decimal digits of
precision

You can add a few parameters to the declaration. The first is the optional initial value,
and the second optional parameter is the floating-point precision. A float has a fixed size
of 4 bytes, and a double has 8 bytes. Since this precision can be arbitrary, we can specify
the desired precision as the number of decimal digits to use when working with the
variable. E.g.

float_precision fp(4.5); // Initialize it to 4.5 with default 20 digits precision
float precision fp(6.5,10000); // Initialize it to 6.5 with a precision of 10,000 digits

The precision of a variable can be dynamic and change throughout the code, which is
very handy for manipulating the variable. To change or set the precision you can call the
method .precision() E.g.

f.precision(100000); // Change the precision to 100,000 digits
f.precision(fp.precision()-10); // Lower the precision with 10 digits
f.precision(fp.precision()+20); // Increase precision with 20 digits

There is another method for manipulating the exponents of the variables. The method is
called .exponent() and returns or sets the exponent as a power of two exponents (same as
for our regular built-in types float and double). E.g.

f.exponent(); // Return the exponent as 2°
f.exponent(0) // Remove the exponent
f.exponent(16) // Set the exponent to 26

There is a second way to manipulate the exponent: the class method. .adjustExponent().
This method adds the parameter to the internal variable that holds the float precision
variable's exponent. E.g.

f.adjustExponent(+1); // Add 1 to the exponent, the same as multiplying the number by 2.
f.adjustExponent(-1); // Subtract 1 from the exponent, the same as dividing the number by 2.

This allows very fast multiplication or division by a number that is any power of two.
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The method .iszero() returns true if the float precision number is zero, otherwise false.
There is an additional method(), but I will refer to the reference for the user manual to the
arbitrary precision math package for details.

All the normal operators and library calls that work with the built-in type float or double
will also work with the float precision type using the same name and calling parameters.

Internal format for float_precision variables

For the internal layout of the arbitrary precision number, we are using the STL vector
library declared as:

vector<uintmax_t> mBinary;

uintmax_t 1s mostly a 64-bit quantity on most systems, so we use a vector of 64-bit
unsigned integers to store our arbitrary-precision number.

The method .size() returns the number of internal vector entries needed to hold the
number.

The Binary format mBinary
@ ® @ ®
Integer Fraction part

part

= The binary format consist of an unlimited number of 64bit unsigned integer blocks.
= One blockin front of the period sign *’ (the integer part of the number)
= Zero or more blocks of fractions after the ‘’ (the fraction sign of the number)
= The binary number is storedin a STL vector class and defined
= vector<uintmax_t>mBinary;
= Thereis always one entry in the mBinary vector.
= Size of vector is always >=1
= A Number is always stored normalized. E.g. the integer part is 1 or zero
= The sign, exponent, precision, rounding mode is stored in separate class fields.

There are other internal class variables like the sign, exponent, precision, and rounding
mode but these are not important to understand the code segments.
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Normalized numbers

A float_precision variable is always stored as a normalized number with a one in the
integer portion of the number. The only exception is zero, which is stored as zero.
Furthermore, a normalized number has no trailing zeros.

For more details, see [1].
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Square root

There are several methods for computing the square root. Among them are:

1) Newton’s 2nd-order method.

2) Chebyshev’s cubic-order method.
3) Halley’s cubic-order method

4) Goldschmidt 2nd-order method

The most common method for arbitrary-precision libraries is the Newton method.

Newton’s Method without division

For the function sqrt(y), we can use Newton's method iteration to obtain the result. The
Newton iteration is defined by:

f(xn
Xns1 = X = 1003 ()
This method can be found in the following way: by restating the problem of finding

Sqrt(y), we instead try to find the reciprocal square root of y, which is: \/—; Once it has

been found, we can find \/; = y%y. By just multiplying the result by y.

1 . 1 1
Now, to find theﬁ. We use the equation S=Y=E> 5oy = 0.

Using Newton's formula, we get f(x)= xiz -y, f (x)z;—j

=2

Xn
1 ,/1
Xn+1 = Xn +§xn (E_y> =>

1
Xn+1 :EXn(B _yxrzl) (2)

We now have our algorithm for finding the square root without any division.

1
Xn+1 :EXn(3 _yxrzl) (3)
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1
Where x, = — (initial guess)

vy

1
and x,, converged towards —

Jy

For the initial guess Xo, we simply use the C library sqrt(b) function for the double
variable. Now, for this to work for arbitrary precision, we need to use a little trick to
ensure that we can call the C library sqrt function with a double argument that fits the
range of the IEEE754 double standard. See the initial guess section below.

Notice that the algorithm requires only one subtraction and four multiplications per
iteration. Well, multiplication by 0.5 can be done by just adjusting the exponent and
therefore should not count as a ‘real’ multiplication. We end up with one subtraction and
three multiplications per iteration, and then a final multiplication for the calculation of the
square root.

Also, with the Newton method, we get quadratic convergence, meaning that at each
iteration we double the number of correct digits in our result.

The Initial guess
As for the initial guess, we can extract the exponent 2°7 out of the equation, then multiply

o . . . . .
the result by 22 after the iteration (assuming e, is an even integer), and remember our
exponent is an integer in base two. I is the one-digit integer, and f; is the n fraction parts
digits.

1 1 _ 1 _671” (4)
Sqrt(y)  Sqrt(iyfn2°P)  Sqrt(is.fn)
If ep is odd, we have to use (since the exponent needs to be an integer):
1 1 1 Bk
(5)

Sqre(y)  Sqrt(infn2°P)  Sqrt(is.fo*2)

This simplifies the initial guess since factoring out the exponent leaves an arbitrary-
precision number in [1,2) (for even exponents) and [2,4) (for odd exponents). With the
number well within the range of IEEE754, we can find a good initial guess of

P, using standard IEEE754 arithmetic with approx. 15-16 significant decimal digits.

Example of Newton’s method for the square root
To see how this algorithm works, let us find the square root of 1.6 using an initial guess
of 1/1.6=0.625.

Newton 1/sqrt(y)
Sqrt(y) 1.6
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y= 1.6

Xo= 0.625
n Xn Sqrt(y) Error
1 0.7421875 1.1875 7.74E-02
2 0.786218643 1.257949829 6.96E-03
3 0.790533565 1.264853704 5.74E-05
4 0.790569413 1.26491106 3.90E-09
5 0.790569415 1.264911064 0.00E+00

After 5 iterations, the difference between the iteration and the built-in Sqrt() operator is 0,
and the result of Sqrt(1.6) is 1.264911064

Brent improvement
Brent [7] points out that you can improve the Newton algorithm by iterating using:

Xn+1 = X +x7n(1_yxrzl) (6)

This is identical from a mathematical point of view but different from a computational
one. Brent points out that you can perform the multiplication between x, and (1 — yx2)

in x;" (1 — yx2) using only half the precision in the multiplication. It costs one extra

addition but does not need the multiplication with full precision. From a computational
point of view, you do save some time or gain some performance using this formula for
the iteration, particularly for a higher number of digits.

Newton’s method with division

Instead of the above indirect method. We could use the direct approach of finding \/; by

solving the equation f(x)=x*-y=0 and using the Newton method to solve for x. By
applying Newton’s method:

f(xn)
Xni1 = Xn = el (7
We get.
1
Xn+1 =3 (xn + %) (8)

Although it looks simple, we have introduced one division per iteration. Any arbitrary-
precision calculation should avoid divisions whenever possible, since they are many
times slower than multiplication. In my arbitrary precision library, it is approx. four to
eight times slower than multiplication.
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The initial guess
For the starting guess, we can use the same method as outlined in Newton without
division.
As for the initial guess, we can extract the exponent 2°7 out of the equation, and then

e
multiply the result by 27p after the iteration (assuming e is an even integer), remember
our exponent is an integer in base two, i1 is the one-digit integer, and f, is the n fraction
digits.

Sqre(y) = Sqrt(iy. £,2%0) = Sqrt(is. f,)2% (9)

If ep is odd, we have to use (since the exponent needs to be an integer):

ep—1

Sqrt(y) = Sqrt(iy. f,2°°) = Sqrt(iy. fr*2)2 2z (10)

This simplifies the initial guess since factoring out the exponent leaves us with an
arbitrary-precision number between [1,2) (for even exponent) and [1,4) (for odd
exponent). With the number well within the IEEE754 range, we can find a good initial
guess using standard IEEE754 arithmetic with approx. 15-16 significant decimal digits.

Example Newton method for the square root using division

Newton sqrt(y)

Sqrt(y) 1.6

y= 1.6

Xo= 1.6
n Xn Sqrt(y) Error
1 13 13 -3.51E-02
2 1.265384615 1.265384615 -4.74E-04
3 1.264911153 1.264911153 -8.86E-08
4 1.264911064 1.264911064 -3.11E-15
5 1.264911064 1.264911064 0.00E+00

By using a starting guess of 1.6, we get the result after five iterations, and again we
observe a quadratic convergence rate,

Chebyshev’s method

Chebyshev’s method has a cubic convergence rate compared to Newton’s quadratic
order. A cubic convergence rate means that for every iteration, you get three times as
many correct digits compared to Newton’s method, which only gives you two times as
many correct digits. Higher-order convergence results in fewer iterations, but at the
expense of a more complex calculation per iteration. Normally, the time you save in
fewer iteration steps is offset by the increased complexity of the iteration.
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Chebyshev's square root method uses the following iteration steps for finding \/iy:

Zn :1 yxrzl
Xn+1 = xn§(15 — 7,(10 — 3z,)) (11)

And then we get the final result of \/;=y'xn+1.

It can be found using Chebyshev’s third-order method. It is closely related to
Householder's second-order method, also known as Halley's method, but avoids its
division:

G fa)Pfr)
Tt = TG T 2 (12)

1 L 2 L 6
Where f(x) =y ——, ff() == ffO)=-3
This yields:

1 1\, 6
Y2 (y—g> (=2
Xn+1 = Xn — 2 -

1o 3. 2 2
Xn+1 = Xn — xni(yxn -+ xng(yxn -1
, 1 3
Substitute z,, = yx2 you get X1 = X — xnz(zn -1+ xng(zn -1 =>

1 2

Xn+1 = xn§(8 —4(z, — 1) + 3(z, — D?) =>
1 2

Xps1 = xn§(15 — 4z, +3(z5 +1—2z,)) =>

1
Xyl = xn§(15 — 10z, + 3z2) =>

Xns1 = Xn 5 (15 = 2,(10 — 32,)) (13)
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Per iteration, we have five multiplications and two subtractions. Compared to Newton's
method, we add a subtraction and two extra multiplications, so each iteration takes a little
longer; however, you will need fewer iterations. (Approx. 2/3).

Example of Chebyshev’s method for the square root

Chebyshev 1/Sqrt(y)

Sqrt(y) 1.6

y 1.6

x0 0.625
n Xn Sqrt(y) Error
1 0.775146  1.240234375 2.47E-02
2 0.790555 1.264887927  2.31E-05
3 0.790569 1.264911064 1.93E-14
4 0.790569 1.264911064 0.00E+00

As expected, we get a faster iteration and reach the result after only four iterations.

Why not Halley’s method for the square root?
Applying Householder’s second-order method, which is Halley’s method,

I(xn)

X. =X, —
T i) f () o)

to the same function as before, f(x) =y — 1/x* with f(x) = 2/x and f"(x) = —6/x*, gives

Zn+3
Xn )
3zp+1

Xn+1 = Zn = yxrzl (15)
Unlike for the inverse(see later), this is not the exact result in a single step but a genuine
third-order method. With e, = 1 — z,, the factor can be written as (1 — en/4)/(1 — 3en/4), and
expanding the denominator as a geometric series gives

ﬂ: 1_|_e_”+3_e7%+ﬁ
3zp+1 2 8 32

+ - (16)
The first three terms, 1 + en/2 + 3en?/8 = (15 — 10z + 3z4%)/8, are exactly Chebyshev’s
iteration for the square root. Since the exact factor (1 —en) "2 =1+ en/2 + 3en?/8 + Sex’/16
+ ..., Halley’s method leaves a relative error of about e,’/32, against 5e,’/16 for
Chebyshev’s method. Both are cubic, and the smaller error constant gains at most a fraction
of an iteration. In return, every Halley iteration needs the reciprocal of 3z, + 1 to the
working precision of the level, which is in itself a complete inverse computation and costs
more than the whole Chebyshev step. Halley’s method is therefore not used for the square
root; Chebyshev’s method keeps the cubic convergence without the division.
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Goldschmidt method

The Goldschmidt method is typically implemented in hardware, where it uses the CPU
pipeline to achieve higher performance. It computes Va and 1/va simultaneously. Starting
from xo = a-yo and ho = yo/2, where yo = 1/Va, each iteration computes r; = 1 — x;h; and
multiplies both sequences by the same factor: xj+1 = x; + xit; and hj+1 = h; + hir;. Then x;
converges quadratically to Va and h; to 1/(2Va). Each iteration needs three multiplications,
the same number as a Newton—Brent step; in hardware, the two final multiplications run
in parallel.

In software, this advantage disappears, and the method has a more fundamental
drawback: it is not self-correcting. The ratio x;/h; = 2a is preserved by every step, so a
rounding error committed in any iteration remains in the result, because a never enters the
iteration again. All iterations must therefore be carried out at the full working precision,
and the method cannot use the precision ladder used in Newton and Chebyshev method.
In the author's measurements, Goldschmidt's square root was within 20% of Newton's
method at full precision, confirming that one iteration costs about the same as a Newton
step, but it was 5-20 times slower than the laddered Newton method with the Karp—
Markstein (see below) at the top level (see later).

Source sqrt_goldschmidt

// Description:

//  Separate the exponent: sqrt(y*2”e) = 27~(e/2)*sqrt(y)

//  Goldschmidt computes sqrt(y) and 1/(2sqrt(y)) simultaneously.

//  Starting from x0 = y*y@, ho = y0/2, where yo0 ~ 1/sqrt(y) is the IEEE754 seed:

// r=1/2 - x*h

// X = X + x*r -> sqrt(y)

// h =h + h*r -> 1/(2sqrt(y))

// Both sequences are multiplied by the same factor (1+r), so the ratio x/h = 2y is
preserved

// and r ~ -delta, the common relative error of x and h. The new error is ~delta”2
(quadratic).

//  The method is not self-correcting: y never enters the iteration again, so every
rounding

//  error stays in the ratio x/h. All iterations therefore run at the full working
precision;

//  the precision ladder cannot be used.
// In hardware x*r and h*r run in parallel; in software they run one after the other.
//
float_precision sqrt_goldschmidt(const float_precision& a)
{

const size t guard = 2;

const size t precision = a.precision();

const size t target = precision + guard;

const eptype expo = a.exponent();

const float precision c1(1), c@5(0.5);

eptype expo_sq;

double fv;

float_precision r, x, h, y(a);

if (a.iszero() || a == c1) // Simple square root
return a;
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if (a.sign() < 9)
throw float precision::domain_error();

// True power of 2 and the exponent is even

if (y.size() == 1 && (expo & 0x1) == @)

{// Half the exponent and return the result.
y.exponent(y.exponent() >> 1);

return y;
}
// Check if we can handle the request within the IEEE754 double standard
(64bit)
if (precision < 16 && abs(expo) < 308)
{
fv = double(a); fv = sqrt(fv);
return float_precision(fv, precision, a.mode());
}
expo_sq = expo / 2;
y.exponent(expo - 2 * expo_sq);
y.precision(target);
// Initial guess y@ ~ 1/sqrt(y) using ordinary floating point (~16 correct
digits)
fv = (double)y;
fv =1 / sqrt(fv);
h.precision(target);
h = float_precision(fv); // yo
X.precision(target);
X =y * h; // x0 = y*y0 ~ sqrt(y)
h.adjustExponent(-1); // he = ye/2 ~ 1/(2sqrt(y))
r.precision(target);
// Stop when the step just taken leaves an error ~r”2 below 10”-(precision+2)
const size t need = (precision + 2) / 2;
const intmax_t needbits = (intmax_t)ceil(need * 3.321928094887362);// log2(10)
// All iterations at full working precision (Goldschmidt is not self-
correcting)
for (5 ;)
{
r=c05 -x *h; // r=1/2 - xh ~ -delta
X += X * pr; // x = x(1+r) -> sqrt(y)
if (r.iszero() || (intmax_t)r.exponent() <= -needbits - 1)
break; // converged: the h update is not needed for the
last step
h +=h * r; /7 h = h(1+r)  -> 1/(2sqrt(y))
}
x.adjustExponent(expo_sq);
// Round to same precision as argument and rounding mode
x.mode(a.mode());
X.precision(precision);
return Xx;
}
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Further Improvement of the methods?

Can we further improve the sqrt calculation? We can apply one major trick. We first note
that a Newton or Chebysheyv iteration is self-correcting, meaning that if we have made an
imprecise calculation in one iteration step, it will be corrected automatically in the next
Newton or Chebyshev iteration.

The precision ladder for the square root

Newton’s method without division and Chebyshev’s method both iterate toward x = 1/\ly
and recover the square root as \y = y'x at the end. With the residual e = 1 — yx?, they are
the first members of a single family, obtained by truncating the binomial series (1 — ¢) "2
=1+e2+3e¥/8+ 56316+ ...

Newton (k =2): Xp+1 =Xa(l +€/2) (17)
Chebyshev (k =3): xn+1 = Xa(1 + /2 + 3%/8)

Newton’s method doubles the number of correct digits per step, and Chebyshev’s method
triples it. There is therefore no reason to perform the early steps at the full working
precision. A step that will only deliver 60 correct digits can be carried out with 60 digits of
working precision, and only the final step needs the full precision P. Since arbitrary
precision multiplication grows faster than linearly in the number of digits, the lower levels
of such a ladder are much cheaper than the top one.

Five details decide how much of that saving you actually get.

First, the ladder should be built top-down rather than bottom-up. Starting at 32 digits and
doubling until the working precision is reached wastes the most expensive levels. At P =
100,002, the doubling sequence is 32, 64, ..., 32,768, 65,536, 100,002, and the level at
65,536 digits does about a third more work than needed, because 50,002 digits would
already have been enough to land on 100,002. Halving down from P instead, with one digit
to spare at each level, and then running the resulting list in reverse, makes every level land
on the next one up: 26, 50, 99, ..., 25,002, 50,002, 100,002.

Second, the loop needs a stopping rule that does not cost an extra iteration. The obvious
test, “iterate until the correction no longer changes x”, spends one full-precision step
merely confirming that the correction has become negligible. Every step begins by
computing the residual e = 1 — yx2. If x = x*(1 + §), then e = —28 — &°, so /2 is, to first
order, the relative error of the current x. The step contracts the residual to

Newton: en+1 = 3en’/4 +en’/d
Chebyshev: ent1 = 5en’/8 + O(en*)

so checking |e/2| < 107 where need is the number of correct digits the level requires on
input, certifies the result of the step at no cost, because e has to be computed anyway. The
loop can exit immediately after the full-precision step. Where the test fails, the level is
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simply repeated; a small repeat cap keeps the loop finite. In the author’s measurements, the
test never failed.

Third, every operand should be carried at no more precision than it can use. This is Brent’s
observation, extended to the higher orders. At a level of d digits with an order-k method,
le| = 107%%. The subtraction 1 — yx? cancels the leading d/k digits, so e only needs d(k—1)/k
digits, and the power e? only d(k—2)/k digits. The final product x-(e/2 + 3¢*/8 + ...) is added
d/k digits below the leading digit of x, so it also needs only d(k—1)/k digits. Finally, y must
be rounded to the level’s precision d; otherwise, every early level multiplies a full-precision
y by a short x.

Newton (k = 2) d2 — d/2
Chebyshev (k = 3) 2d/3 d/3 2d/3

Table 1. Digits needed for each operand of the square root at a level of d digits.

Fourth, the product yx* can be formed in two ways. At a level of d digits, x carries only
about d/k significant digits. Computing (y-x)-x takes two d x d/k products, while y-x? takes
a small square followed by one larger product. With linear (schoolbook) multiplication,
(yx)-x is cheaper; for Newton’s method it costs 1.0d> against 1.25d>. With FFT
multiplication, a square needs only two transforms instead of three, and y-x? is a single
product, so y'x> is cheaper, unless the larger product needs a longer power-of-two
transform than y-x. The implementation therefore chooses per level. In the author’s
measurements, using y-x° everywhere made the 1,000,000-digit square root 32% faster but
the 10,000-digit one 10% slower; choosing per level gives the better of the two at every
precision.

Fifth, the final multiplication \y = y-x can be avoided. It is a full P x P product that costs
about a fifth of the whole computation at large precisions. Karp and Markstein observed
that it can be folded into the last step. The ladder is stopped one level early, leaving x
correct to h = P/2 digits, and the top level computes the square root directly:

s=yx (hdigits)
Vy =5+ x(y — s2)/2

Here s is \y to h digits, obtained from a balanced h x h product. The residual y — s? is the
only full-precision operation: s? is a half-size square, and the leading h digits cancel in the
subtraction. The correction x(y — s2)/2 is another h x h product. If s = Vy(1 + 8), the result
has a relative error of about 35%/2, the same as a Newton step, and the correction divided
by s is —9 to first order, so the same free stopping test applies. The top Newton level and
the final multiplication, together about three full-size products, are replaced by three half-
size ones.

What the ladder and the Karp-Markstein step buy

The table compares the bottom-up dynamic precision version of Newton’s method with the
laddered methods:
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Digits 1,000 10,000 100,000 1,000,000

0.060 4.84 91.6 1,114
Newton ladder 0.036 1.82 59.1 660
Chebyshev ladder 0.031 1.46 58.4 759

Newton ladder + Karp— 0.025 0.82 50.8 373
Markstein

Table 2. Time in milliseconds for the square root.

Chebyshev’s method is faster than the plain Newton ladder below the FFT range, by up to
20%, because it needs fewer levels, while Newton’s method is faster at 1,000,000 digits.
The Karp—Markstein top level makes the Newton ladder 14—55% faster, and the result is
the fastest square root at every precision tested, between 1.8 and 5.9 times faster than the
bottom-up version from 1,000 digits upward. The library therefore uses the Newton ladder
with a Karp—Markstein top level at all precisions.

Sqrt Performance

100000
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1

milli seconds

10 ) § 100,000 1,000,000

0.1

0.01

0.001

0.0001

Digits

e S 1t With Division e Sqrt Newton e S rt Chebyshey e Sqrt Goldschmidt

Figure 1. The horizontal axis is precision in decimal digits. The vertical axis is in
milliseconds.

Compared with Newton's method at full precision, the laddered Newton method with the
Karp—Markstein top level is 625 times faster, and it is 1.8-5.9 times faster than the
bottom-up dynamic precision version. Newton's method with division is 3—6 times slower
than Newton's method without division at full precision.
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Number as a power of two.

We can use the definition of a normalized number in our arbitrary precision package. A
normalized number always has a one as the first digit before the ‘.’ If the number has no
fractional part, it will be a true power-of-two number, and the exponent is the power to
which the base 2 is raised. If the exponent is even, we can take the square root directly by
dividing the exponent by 2; you are done. You can insert the following code right after
the first assignment of the local expo variable.

Source:
// Check for square root is a power of two and even exponent
if (a.size() == 1 && (expo & Ox1l) == 0)
{// True power of 2 and the exponent is even
y.exponent(y.exponent() >> 1); // Half the exponent and return the
result.
y.precision(precision);
return y;

}

Of course, not all numbers are powers of two; however, if we encounter one, we can
return the square root of that number without any time-consuming iteration.

Precision less than 16 digits

Another small improvement is if you are working with less than 16 digits of arithmetic
and the absolute value of the exponent is less than 308 (IEEE754 limit). If you do, we can
just convert it to a double, calculate the square root using the double type, and then
initialize and return a new float precision variable that holds the result; see the code
segment below.

Source:
// Check if we can handle the request within the IEEE754 double standard
(64bit)
if (precision < 16)
{double fv;
fv = a; fv = sqrt(fv);
return float precision(fv, precision, a.mode());

}

Of course, you do not expect to encounter many of these situations since you are properly
using the arbitrary precision library to work with large numbers in the first place.

Source sqrt newton()

// Description:

//  Separate the exponent: sqrt(y*2”e) = 27~(e/2)*sqrt(y)

//  All levels except the top find x = 1/sqrt(y) with the Newton-Brent iteration
// r=(1-yx"2)/2, x =X + x*r

// on a top-down precision ladder, leaving x correct to h ~ P/2 digits.

//  The top level is replaced by the Karp-Markstein step, which delivers sqrt(y)

// directly and avoids both the full-precision top Newton level and the final y*x:
// s = y*x (h digits, sqrt(y) to h digits)
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// sqrt(y) = s + x(y - s*2)/2 (only y - s*2 needs the full precision)
//  The new relative error is ~1.5*delta”2, the same as a Newton step.
//  Every level checks the accuracy of its input from the residual it computes anyway
// and is repeated (max 2 times) if the input was less accurate than expected.
float_precision sqrt_newton(const float_precision& a)
{

const size t guard = 2, order = 2;

const size t precision = a.precision();

const size t target = precision + guard;

const eptype expo = a.exponent();

const float precision c1(1);

eptype expo_sq;

double fv;

float _precision r, x, xh, yd, y(a), s, sq, yt, t, c;

if (a.iszero() || a == c1) // Simple square root
return a;

if (a.sign() < 9)
throw float_precision::domain_error();

// True power of 2 and the exponent is even

if (y.size() == 1 && (expo & 0x1) == @)

{// Half the exponent and return the result.
y.exponent(y.exponent() >> 1);
return y;

}

// Check if we can handle the request within the IEEE754 double standard
(64bit)
if (precision < 16 && abs(expo) < 308)
{
fv = double(a); fv = sqrt(fv);
return float_precision(fv, precision, a.mode());

}

expo_sq = expo / 2;
y.exponent(expo - 2 * expo_sq);

// Build the ladder top-down: ladder[@] = target, each level d/2+1 of the one
above

// (one digit more than strictly needed, which gives the stopping test a
margin),

// down to the ~15.9 correct digits of the IEEE754 seed. Run it in reverse.

std::vector<size t> ladder;

for (size_t d = target; ; d = d / order + 1)

{
ladder.push_back(d);
if (d / order + 1 <= 15)
break;
}

// Get an initial guess for 1/sqrt(y) using ordinary floating point at the
lowest level

fv = (double)y;

fv =1 / sqrt(fv);

x.precision(ladder.back());

x = float_precision(fv);
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// One Newton-Brent level at 'digits' precision: x = x + x(1 - yx*2)/2, leaves
r=(1- yx"2)/2
auto newton_level = [&](const size t digits)

{
const size t h = digits / 2 + 1; // Brent: the
correction only needs half the digits

yd.precision(digits);

yd = y;

// y rounded to this level, not full precision

x.precision(digits);

r.precision(h);

r=cl-yd* x.square(); // 1 - yx"2: the leading ~d/2
digits cancel

r.adjustExponent(-1); // r = (1 - yx*2)/2 ~ relative
error of the input x

xh.precision(h);

xh = x;

// x*r only needs h digits of x

X += xh * r;

// X = x + x(1 - yx~2)/2

}s

// Walk the ladder from the lowest level (end) up to, but not including, the
top level.

// NB: precision is set BEFORE assignment since operator= keeps destination
precision.

for (size t i = ladder.size(), repeats = 0; i-- > 1; )

{
const size t digits = ladder[i];
newton_level(digits);
// r is already a relative error: the level is fine if |r| <= 107-
need
const size t need = digits > 2 * order ? digits / order - 1 : 1;
const intmax_t needbits = (intmax_t)ceil(need * 3.321928094887362);
// log2(1e)
const bool ok = r.iszero() || (intmax_t)r.exponent() <= -needbits -
1;
if (!ok && repeats < 2)
{
++1; // the level fell short: repeat it
++repeats;
}
else
repeats = 9;
}

// Karp-Markstein top level. x is now 1/sqrt(y) correct to about h digits.

const size t h = ladder.size() > 1 ? ladder[1l] : 16; // 16: x is still the
IEEE754 seed

const size t tdigits = target - h + 2;// significant digits needed for y - s*2

const size t need = (precision + order) / order;// input accuracy needed at
the top

const intmax_t needbits = (intmax_t)ceil(need * 3.321928094887362);// log2(10)

for (size_t repeats = 0; ; )

{

yd.precision(h);
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yd = y;

// y rounded to h digits

x.precision(h);

s.precision(h);

s =yd * x;

// s = yx ~ sqrt(y) to h digits (h x h product)

sq.precision(target);

sq = s;

// exact: s has only h digits

sq = sq.square(); // s”2 at full precision (half-size square)

yt.precision(target);

yt =y;

t.precision(tdigits);

t =yt - sq; //'y - s"2: the leading ~h digits cancel

xh.precision(tdigits);

xh = x;

c.precision(tdigits);

c = xh * t;

/1 x(y - s"2)

c.adjustExponent(-1);// c = x(y - s"2)/2 ~ -s*delta

s.precision(target);

S += C;

// sqrt(y) = s + x(y - s"2)/2

// c/s is the relative error of the input s: fine if |c| <= |s|*10"-
need

const bool ok = c.iszero() || (intmax_t)c.exponent() -
(intmax_t)s.exponent() <= -needbits - 1;

if (ok || repeats >= 2)

break;

// The input fell short: refine x with one more Newton-Brent level
at h digits and redo

newton_level(h);

++loopcnt;

++repeats;

}

s.adjustExponent(expo_sq);

// Round to same precision as argument and rounding mode
s.mode(a.mode());

s.precision(precision);

return s;

Source sqrt chebyshev()

// Description:

//  Separate the exponent: sqrt(y*2”e) = 27~(e/2)*sqrt(y)

//  Find x = 1/sqrt(y) with Chebyshev's third-order iteration

// e =1 - yx"2, x =X+ x*(e/2 + 3e”2/8) (new relative error ~
(5/16)e"3)

// which is the binomial series of (1-e)”(-1/2) truncated after three terms,

// on a top-down precision ladder. Then sqrt(y) = y*x.

// e/2 is, to first order, the relative error of the input x, so the stopping test is
free:

//  each level checks the accuracy of its input and is repeated (max 2 times)

//  if the input was less accurate than expected.

float_precision sqrt_chebyshev(const float_precision& a)

{
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const size t guard = 2, order = 3;

const size_ t precision = a.precision();

const size t target = precision + guard;

const eptype expo = a.exponent();

const float_precision c1(1), c3(3);

eptype expo_sq;

double fv;

float precision e, et, e2, r, s, x, xh, yd, y(a);

if (a.iszero() || a == c1) // Simple square root
return a;

if (a.sign() < 9)
throw float_precision::domain_error();

// True power of 2 and the exponent is even

if (y.size() == 1 && (expo & 0x1) == @)

{// Half the exponent and return the result.
y.exponent(y.exponent() >> 1);

return y;
}
// Check if we can handle the request within the IEEE754 double standard
(64bit)
if (precision < 16 && abs(expo) < 308)
{
fv = double(a); fv = sqrt(fv);
return float_precision(fv, precision, a.mode());
}
expo_sq = expo / 2;
y.exponent(expo - 2 * expo_sq);
// Build the ladder top-down: ladder[@] = target, each level d/3+1 of the one
above
// (one digit more than strictly needed, which gives the stopping test a
margin),

// down to the ~15.9 correct digits of the IEEE754 seed. Run it in reverse.
std::vector<size t> ladder;
for (size t d = target; ; d = d / order + 1)

{
ladder.push_back(d);
if (d / order + 1 <= 15)
break;
}

// Get an initial guess for 1/sqrt(y) using ordinary floating point at the
lowest level

fv = (double)y;

fv =1 / sqrt(fv);

x.precision(ladder.back());

x = float_precision(fv);

// Walk the ladder from the lowest level (end) to the target (index 0).

// NB: precision is set BEFORE assignment since operator= keeps destination
precision.

for (size t i = ladder.size(), repeats = 0; i-- > 0; )

{

const size t digits = ladder[i];
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for e”2

const size t tl1 = digits / 3 + 1; // significant digits needed

const size t t2 = 2 * digits / 3 + 1;// significant digits needed

for e and x*(e/2+3e”2/8)

multiplication

with FFT

64-bit limbs

cancel

need

// Choose how to form y*x"2 (x carries ~d/3 significant digits):
/] (y*x)*x two d x d/3 products, cheapest with linear

// y*x.square() a small square plus one d x 2d/3 product, cheaper

// unless that product needs a longer power-of-two transform
const size t 1 = (size t)ceil(digits * 3.321928094887362 / 64); //

yd.precision(digits);
yd = y;

// y rounded to this level, not full precision
X.precision(digits);
e.precision(t2);

e =cl - yd * x.square(); // e

1 - yx*2: the leading ~d/3 digits

r.precision(t2);
r=e;
r.adjustExponent(-1); // r = e/2 ~ relative error of the input

et.precision(tl);

et = e;

// e”2 only needs d/3 digits of e
e2.precision(tl);

e2 = et * et; // er2
e2 *= c3;
e2.adjustExponent(-3); // 3e”2/8

s.precision(t2);
S =r + e2;

// e/2 + 3e”2/8
xh.precision(t2);

xh = x;
// x*s only needs 2d/3 digits of x
X += xh * s; // x = x(1 + e/2 + 3e”2/8)

// r is already a relative error: the level is fine if |r| <= 10*-

const size t need = (digits == target)
? (precision + order) / order
: (digits > 2 * order ? digits / order - 1 : 1);
const intmax_t needbits = (intmax_t)ceil(need * 3.321928094887362);

// log2(10)

}

X *=y;

const bool ok = r.iszero() || (intmax_t)r.exponent() <= -needbits -

if (!ok && repeats < 2)

{
++1; // the level fell short: repeat it
++repeats;

}

else

repeats = 9;

// sqart(y) =y * 1/sqrt(y)
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x.adjustExponent (expo_sq);

// Round to same precision as argument and rounding mode
x.mode(a.mode());

x.precision(precision);

return x;

Recommendation for the square root

Sqrt(y) Addition/Subtraction ~ Multiplication Multiplication  Division
half precision
Newton* 1 3 -
Newton 2 2(yXX) 1(d/2)
(Brent)
Newton 1 - -
Division*
Chebyshev 3 2(y-XX) 2(d/3,2d/3)
Karp- 2 - 3(y-x,s%x-tat
Markstein h~P/2)
top step

*) Multiplication by 0.5 is not a full multiplication but is just carried out by adjusting the
exponent and therefore just does not count as a ‘real’ multiplication. Newton's method
with division requires the fewest operations, but division is an expensive operator that

consistently runs 4-10 times slower than the other methods and can therefore not be
recommended.

Based on the performance measurements, I recommend:

1. Avoid division. Newton's method with division is 3—6 times slower than Newton's
method without division.

2. Always use the top-down precision ladder with the residual-based stopping rule
and Brent's operand truncation.

3. Use the Newton ladder with the Karp—Markstein top level at all precisions. It is
the fastest method from 50-1000 digits upward and 1.8-5.9 times faster than
bottom-up dynamic precision.

4. Chebyshev's method is faster than the plain Newton ladder below the FFT range
but slower than Newton with the Karp—Markstein step. Halley's method needs a
division per iteration and is not used.

5. Goldschmidt's method cannot use the precision ladder and is not used.

6. Use guard digits = 2.
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Nroot

Now that we have found a faster way of doing the square root, we also need to consider

whether we can use a similar technique when dealing with the V/x. By default, the n-th
root is computed with the power function, which evaluates to:

1 1

Vx = xn = en'09e™® (18)

This uses two expensive functions, exp(x) and log(x), each of which is itself an iterative
computation at full precision. A dedicated function nroot(x, n) built on the same principles
as the square root is much faster. In our measurements, it is 10-30 times faster than pow()
at 100 digits, 20—70 times faster at 1,000 digits, and 55-220 times faster at 10,000 digits
(Table 2).

Newton’s method for the n-th root

Let us end the discussion of the sqrt() and nroot() by devising the Newton formula for the
nroot. It is quite similar to how we obtained the algorithm for the sqrt() function. We are

trying to find a function for the solution x = VS => x" = § => xin =2

S
Letting y = %You get: f(x) = xin —y=0and f'(x) = —nx™ "1
Using the Newton method, you get:
xit—y
Xiy1 = X; — W =>
i
1
Xiy1 =X + E(xi —xy) =>
1 n
Xig1 = X +—x;(1 = x;y) (19)

And now VS = !

Xit1

We still have a division - But it is constant, so we can calculate it once before the iteration

starts, avoiding division during the iteration. The library uses this form directly, since it is
Brent’s formulation of the step: with the residual e; = 1 — y-x;", the correction xi-ei/n is
small, and on the precision ladder it only needs half the working precision. The equivalent
form xi+1 = xi(n + 1 — y-x;")/n, which an earlier version of the library used, carries the
correction in the trailing digits of a quantity near n + 1 and must be evaluated entirely at
full precision.
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If xi = x*(1 + &;), where x* =y /" the new relative error is (Appendix C):
Sir1 = —((n + 1)/2)-87 — ((n> — 1)/6)-8:> + O(&:*) (20)
The convergence is quadratic for every n, but the constant (n + 1)/2 grows with n. For n =

2 it is 3/2 of the square root; for n = 100 it is 50.5, so each step loses almost two digits of
the ideal doubling. The precision ladder below compensates for this.

Since e; = —nd; to first order, r; = ei/n is the relative error of the input, so the stopping test
comes for free, as for the square root and the inverse.

At the end, the root itself is obtained without a division, since y-y ® D/ = yl/n;

My =yx"! (21)

In practice, this final multiplication is replaced by the Karp—Markstein top step described
below, which delivers the root directly.

Newton’s method with division

We could have done a more direct approach, as we saw for the square root:

x=VS=>x"=S=>x"-5=0

Youget f(x) =x"—S=0and f'(x) = nx" 1!

Using the Newton method, you get:

n
_ . TS
Xigt =X T >
l
1 S

Xiy1 = X; _;(xi —F) =>
i

1 S
Xip1 = —((n = Dx; + =) (22)

This iteration needs a full division in every step and is therefore slower than the division-
free version, for the same reason as for the square root.
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Computing x»

The dominant cost of each step is y-x". It is computed by binary exponentiation, with y as
the initial value so that the multiplication by y is merged into the power. For a given n, let
k = |loga(n)| and let v(n) be the number of 1-bits in n. Binary exponentiation then needs:

M(n) = |loga(n)]| + v(n) — 1 (23)

multiplications for x", of which |logz(n)| are squaring. Every squaring uses the square()
method, which is cheaper than a general multiplication in both the linear and the FFT range.
Table 3 shows M(n) for a few values of n. The cost of the n-th root is therefore not
independent of n: it grows with M(n). At 10,000 digits n = 100 costs 3.3 times as much as
n =3, and at 100,000 digits 3.1 times as much.

n 2 3 4 5 7 8 16 31 100 1000
M(n) 1 2 2 3 4 3 4 8 8 14

Table 3. Multiplications needed for x" by binary exponentiation.

The constant 1/n

The factor 1/n is constant. When n is a power of two, the division is an exact exponent shift.
Otherwise, 1/n is computed once, at about half the working precision, which is the highest
precision at which it is used, and rounded to the precision of the operand it multiplies: half
the level precision in the Newton steps, and about half the working precision in the top step.
Multiplying by a full-precision 1/n in every step, as an earlier version did, adds a full-length
multiplication to every level. The exact shift is one reason why n = 4 is faster than n = 3.

The precision ladder for the n-th root

The n-th root uses the same top-down precision ladder as the square root: the levels are
built down from the working precision P, run from the lowest level up, y is rounded to the
precision of each level, and the residual and the correction are carried at half the level
precision. Two margins must be added, because the convergence constant and the top step
both depend on n.

First, a Newton step at a level of d digits that starts from an input correct to D digits delivers
about 2D — logio((n + 1)/2) digits. The square root ladder gives each level one digit more
than d/2, which covers 3/2 of the square root, but it covers (n + 1)/2 only up to n= 18. Each
level therefore receives:

extra = [logio((n + 1)/2)] (24)

additional digits, which is 0 for n < 19, 1 for 19 <n <199, and 2 for 199 <n < 1,999. The
stopping test is tightened accordingly: a level of d digits accepts its input if [r] < 1077,
with need = (d + 1)/2 — 1 and A = [logio((n + 1)/2)], which is Ic in the source.

Second, the top step starts from s = y-x" !, and the n — 1 factors of x make s about logio(n
— 1) digits less accurate than x. The level below the top therefore receives:
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kmextra = [logio(n — 1)] (25)

further digits, which is 1 forn <11, 2 for n <101, and 3 for n < 1,001. Both margins cost
only a few digits at the lower levels. Without them, a simulation of the algorithm repeated
levels for several n between 5 and 1,000 and lost up to four digits for n = 1,000. With them,
all results for n from 3 to 1,000 and precisions from 20 to 10,000 digits were correct to the
full precision, and no level was repeated. The measurements in Table 4 confirm this: no
level was repeated for any n tested.

The Karp-Markstein top step

As for the square root, the ladder stops one level early, leaving x correct to h = P/2 digits,
and the top level computes the root directly:

s=y-x"! (hdigits)
My =s+x""(y - s")/n

Only the power s" and the subtraction y — s" need the full precision. The first squaring in
s"is cheap, because s has only h digits, and the correction x" !(y — s")/n is an h-digit product.
Ifs= n\/y-(l +1), the relative error after the step is about —((n + 1)/2)'n? (Appendix C), the
same as a Newton step, and the correction divided by s is — to first order, so the stopping
test is again free.

A full Newton step at the top level followed by the final multiplication y-x" ! needs two
powers at the full precision: x" in the Newton step and x" ! for the final multiplication. The
top step replaces them with one power at the full precision, s", whose first squaring is cheap,
and x"! at half the precision. Compared with the earlier version of the library, it also
removes the final inversion 1/x, which was a complete inverse computation at the full
precision.

Why not pow()?

The power function computes x'™ as "™ Both the logarithm and the exponential are
computed to the full precision, each with its own argument reduction and series or iteration,
and the cost does not depend on n. Table 4 shows that pow() is 10-30 times slower than
the n-th root at 100 digits, 20—70 times slower at 1,000 digits, and 55-220 times slower at
10,000 digits. The gap is smallest for large n, since only the n-th root becomes more
expensive as n grows. pow() would only win for n far beyond any practical use.

1/n

Why not Halley’s method for the n-th root?
Halley’s method applied to f(x) = x" — y gives:

Xitel =Xi'( = 1) xi"+ (n+ 1) y)/(n+1)x"+(n—1)y)
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For n = 2, it reduces to x(x* + 3y)/(3x> + y), the Halley iteration for the square root. The
convergence is cubic, but every step requires a full division, which costs several
multiplications. For the same reason as for the square root, Halley’s method is not used.

Why not Chebyshev’s method for the n-th root?
Since y-x" = 1 — e, the exact identity y '™ = x-(1 — e) "' gives the binomial series:

y m=x-(1+emn+(n+1)e¥(2n*) + (n+ 1)2n + 1)e¥/(6n) + ...)

Truncated after two terms, it is the Newton step used above. Truncated after three terms, it
is Chebyshev’s third-order method:

xir1 = Xi'(1 + e/n + (n + 1)-ei%/(2n?))

with a new relative error of about ((n + 1)(2n+ 1)/6)-8:>. For n = 2, the constant is 5/2 times
the square root, but it grows like n%3: it is about 4.7 for n = 3 and about 3,400 for n = 100,
where each step loses 3.5 digits of the ideal tripling.

The method is division-free, but it can gain very little here. In the ladder with the Karp—
Markstein top step, the top step accounts for about 70% of the time, mainly through s" at
full precision, and a higher-order method does not change it. Chebyshev’s method can only
reduce the cost of the lower levels, which then run at P/2, P/6, ... instead of P/2, P/4, ....
A model of the multiplication cost puts the total gain at 10,000 digits at 5.0% for n = 3,
5.8% forn =5, 6.8% for n =7, and 3.6% for n = 100, before the extra e> term and the third
truncated product per level are counted. For the square root, these extra operations made
Chebyshev’s method slower than Newton’s method with the Karp—Markstein top step.

A third-order top step does not work either. The top step relies on x" ! = s/y, and rounding
s to h digits leaves an error of about 102" in the result. With h = P/2, this is 10°F, which the
guard digits absorb, but a third-order top step would start from h =~ P/3 and leave 10723,
Avoiding this requires s at full precision, which removes the saving. Chebyshev’s method
is therefore not used. These figures are estimates from the cost model; the method was not
implemented.

Square roots for even n?

For even n = 2X-m, the identity y (y replaces the power-of-two part of n by k
square roots, followed by one m-th root. A square root is cheaper than a Karp—Markstein
top step with s*, since its own top step only needs the square of an h-digit number, whereas
(s?)? is a full-precision square. With the earlier linear/FFT multiplication switch, this
routing was up to 28% faster for n = 4, 8 and 12 between about 2,000 and 40,000 digits,
but slower below 2,000 digits, where the extra function calls dominate, and 8-9% slower
at 100,000 digits, where FFT multiplication makes half-size products relatively expensive.
After changing the multiplication to choose between linear and FFT multiplication based
on the cost of each product, routing is slower at every precision: for n =4 by 13% at 10,000
digits and by 32% at 100,000 digits. It is therefore not used.

I/m — 1/(2Ak))1/m
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Source for nrooth_newton()
/// Description:
///  Separate the exponent: (y*27e)~(1/n) = 2~(e/n)*y~(1/n), with the remainder of e/n

kept in y

///  All levels except the top find x = y~(-1/n) with the Newton-Brent iteration

/// e=1-y*"n, r =e/n, X =X+ x*r (new relative error ~
((n+1)/2)*deltar2)

/// on a top-down precision ladder, leaving x correct to h ~ P/2 digits.

///  The top level is replaced by the Karp-Markstein step, which delivers y~(1/n)
directly and

///  avoids both the full-precision top Newton level and the final inverse 1/x:

/// s = y*x~(n-1) (h
digits, y~(1/n) to h digits)

/1/ y~(1/n) = s + x*(n-1)*(y - s”n)/n (only y - s”n needs the full
precision)

///  The new relative error is ~((n+l)/2)*eta”2, where eta = (n-1)*delta is the error
of s.
///  Margins that grow with n:

/// extra = floor(logl@((n+l)/2)) each level loses logle((n+1)/2)
digits to the error constant
/// kmextra = ceil(logl@(n-1)) s = y*x~(n-1) is logle(n-1) digits

less accurate than x
/// Division by n is a shift when n is a power of two, otherwise a multiplication by
1/n
11/ rounded to the precision of the operand (h digits, not the full precision).
11/ Every level checks the accuracy of its input from the residual it computes anyway
/// and is repeated (max 2 times) if the input was less accurate than expected.
11/
[[nodiscard]]float_precision nroot_newton(const float_ precision& a, const uintmax_t n)
{

const size t guard = 2, order = 2;

const size t precision = a.precision();

const size t target = precision + guard;

const eptype expo = a.exponent();

const float precision c1(1);

eptype expo_sq;

double fv;

float precision r, x, xh, yd, y(a), p, t, s, sp, yt, ¢, xpml, ninv, nv;

if (n == 09)
throw float_precision::domain_error();

if (a.iszero() || a == c1 || n == 1) // add your NaN test here as in nroot()
return a;

if (a.sign() < 9)

{
if ((n & @x1) == 9) // Even root of a negative number

throw float_precision::domain_error();
return -nroot_newton(-a, n);// 0dd root: (-a)*~(1/n) = -(a”~(1/n))
}
if (n == 2)
return sqrt(a); // or sqrt_newton_ladder_km(a)

// True power of 2 and the exponent is divisible by n
if (y.size() == 1 & (expo % eptype(n)) == 0)
{

y.exponent(expo / eptype(n));

return y;
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}

// Check if we can handle the request within the IEEE754 double standard
(64bit)
if (precision < 15 && abs(expo) < 308)
{
fv = double(a); fv = pow(fv, 1.0 / double(n));
return float precision(fv, precision, a.mode());

}

expo_sq = expo / eptype(n);
y.exponent(expo - eptype(n) * expo_sq);// y~(1/n) with y in (2”-n, 2”n)

// Margins that depend on n (all zero or one for small n)
const double cn = (double(n) + 1) / 2;
// error constant (n+1)/2
const size t extra = (size t)floor(logl@(cn));
// ladder margin per level
const size t 1lc = (size t)ceil(logl@(cn));
// used in the stopping test
const size t kmextra = (size t)ceil(logl@(double(n - 1))); // s
= y*x~(n-1) loses logl@(n-1) digits
const size_t 1gn = (size_t)ceil(logl@(double(n)));
// y - s”n cancels logl@(n) digits less
// Build the ladder top-down: ladder[@] = target (the Karp-Markstein level),
// ladder[1] = target/2+l+extra+kmextra, below that each level d/2+1l+extra of
the one above
// (one digit more than strictly needed, which gives the stopping test a
margin),
// down to the ~15.9 correct digits of the IEEE754 seed. Run it in reverse.
std::vector<size t> ladder;
ladder.push_back(target);
for (size t d = target / order + 1 + extra + kmextra; d > 15; )
{
ladder.push_back(d);
const size t next = d / order + 1 + extra;
if (next >= d) // cannot shrink further (only for an
astronomically large n)
break;
d = next;

}

// Karp-Markstein level: input precision and the significant digits needed for
y - s”n

const size t h = ladder.size() > 1 ? ladder[1] : 15; // 15: x 1is still the
IEEE754 seed

const size t tdigits = std::min(target, target - h + 2 + kmextra + 1lgn);

// 1/n: a shift if n is a power of two, otherwise 1/n once at the highest
precision it is used

const bool pow2 = (n & (n - 1)) == 0;

eptype log2n = 0;

for (uintmax t m = n; m > 1; m >>= 1) ++log2n;

if (!pow2)

float_precision fn(n);

ninv.precision(std::max(target / order + 1, tdigits));
fn.precision(ninv.precision());

ninv = c1 / fn;
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}
auto div_n = [&](float_precision& v, const size t digits) // v = v/n at
'digits' precision
{
if (pow2)
v.adjustExponent(-log2n);
else
{
nv.precision(digits);
nv = ninv;
// 1/n rounded to the precision of v
v *= nv;
}
}s
// res = init * base”e at 'digits' precision by binary exponentiation (e >=
1).
// In the FFT range square() saves one transform; in the linear range p*p is
cheaper.

auto power = [&](float_precision& res, const float precision& base, const
float_precision& init, uintmax_t e, const size_t digits)

{

64); // 64-bit limbs

const size t 1 = (size t)ceil(digits * 3.321928094887362 /

p.precision(digits);
p = base;
res.precision(digits);
res = init;
for (53)
{
if (e & 1)
res *= p;
e >>=1;
if (e =

[

)
break;
p = p.square();

1

// Get an initial guess for y~(-1/n) using ordinary floating point at the
lowest level

fv = (double)y;

fv = pow(fv, -1.0 / double(n));

x.precision(ladder.back());

x = float_precision(fv);

// One Newton-Brent level at 'digits' precision: x = x + x(1 - yx*n)/n, leaves
r=(1- yx*n)/n
auto newton_level = [&](const size t digits)
{
const size t hd = digits / 2 + 1; // Brent: the
correction only needs half the digits

yd.precision(digits);

yd = y;

// y rounded to this level, not full precision

x.precision(digits);

power(t, x, yd, n, digits); // t = y*x*n (y enters as the
initial value)
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r.precision(hd);
r=cl - t;
// e =1 - yx*n: the leading ~d/2 digits cancel
div_n(r, hd);
// r = e/n ~ relative error of the input x
xh.precision(hd);
xh = x;
// x*r only needs hd digits of x
X += xh * r;
// X = x + x(1 - yx*n)/n
}s

// Walk the ladder from the lowest level (end) up to, but not including, the

top level.

// NB: precision is set BEFORE assignment since operator= keeps destination

precision.

need

for (size t i = ladder.size(), repeats = 0; i-- > 1; )

{
const size t digits = ladder[i];
newton_level(digits);
// r is already a relative error: the level is fine if |r| <= 107-
const size t need = digits > 2 * order ? (digits + 1lc) / order - 1 :
const intmax_t needbits = (intmax_t)ceil(need * 3.321928094887362);
// log2(10)

const bool ok = r.iszero() || (intmax_t)r.exponent() <= -needbits -

if (!ok && repeats < 2)

{
++1; // the level fell short: repeat it
++repeats;

}

else

repeats = 9;

}

// Karp-Markstein top level. x is now y~(-1/n) correct to about h digits.
const size t need = (precision + order + 1lc) / order; // accuracy

of s needed at the top

log2(10)

digits)

2 October 2026.

const intmax_t needbits = (intmax_t)ceil(need * 3.321928094887362); //

for (size_t repeats = 0; ; )
{
yd.precision(h);
yd = y;
// y rounded to h digits
x.precision(h);

power(xpml, X, cl, n - 1, h); // x~(n-1) at h digits
s.precision(h);
s = yd * xpmil; // s = y*x*(n-1) ~ y*(1/n) to h digits

power(sp, s, cl1, n, target);// s”n at full precision (s has only h

yt.precision(target);

yt =y;
t.precision(tdigits);
t =yt - sp; // y - s”n: the leading ~h digits cancel

xh.precision(tdigits);
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xh = xpml;

c.precision(tdigits);

c = xh * t;

// x*(n-1)*(y - s”n)

div_n(c, tdigits); // ¢ = x*(n-1)*(y - s”n)/n ~ -s*eta
s.precision(target);

S += c;

// y*(1/n) = s + x*(n-1)*(y - s”n)/n

// c/s is the relative error of the input s: fine if |c| <= |s|*10~"-
need

const bool ok = c.iszero() || (intmax_t)c.exponent() -
(intmax_t)s.exponent() <= -needbits - 1;

if (ok || repeats >= 2)

break;

// The input fell short: refine x with one more Newton-Brent level
at h digits and redo

newton_level(h);

++repeats;

}

s.adjustExponent(expo_sq);

// Round to same precision as argument and rounding mode
s.mode(a.mode());

s.precision(precision);

return s;

Performance

Table 4 compares the previous implementation of nroot(), which used Newton’s method
bottom-up from 32 digits with a full-precision 1/n and a final inversion, the power function,
and the laddered Newton method with the Karp—Markstein top step. The argument is 6/7,
and all times are in milliseconds (Release build, x64). Below 15 digits, the n-th root is
computed in double precision.
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Digits n pow() Previous Ladder + KM | vs previous vs pow()
100 3 0.355 0.0275 0.0166 1.7x 21x
100 4 0.227 0.0160 0.0073 2.2x 31x
100 5 0.235 0.0233 0.0144 1.6x 16x
100 100 0.229 0.0279 0.0220 1.3x 10x
1,000 3 2.25 0.212 0.0453 4.7x 50x
1,000 4 2.16 0.127 0.0302 4.2x 72x
1,000 5 2.21 0.185 0.0512 3.6% 43x
1,000 100 2.11 0.358 0.0997 3.6% 21x
10,000 3 285 11.7 1.51 7.7% 189x%
10,000 4 270 8.47 1.24 6.8% 217x%
10,000 5 272 11.8 1.86 6.3% 147x%
10,000 100 275 22.0 5.04 4.4x 55x
100,000 3 - 248 453 5.5% -
100,000 4 - 194 38.5 5.0% -
100,000 5 - 267 61.8 4.3x -
100,000 100 - 419 139 3.0% -

Table 4. n-th root timings in milliseconds. pow() was not measured at 100,000 digits.

The ladder with the Karp—Markstein top step is 1.3-2.2 times faster than the previous
implementation at 100 digits, 3.6—4.7 times faster at 1,000 digits, 4.4—7.7 times faster at
10,000 digits, and 3.0-5.5 times faster at 100,000 digits. The gain is smaller for large n
because the previous implementation carried a large fixed cost per step (a full-precision
1/n, full-precision products without Brent’s truncation, and the final inversion) that did not
depend on n. With that cost removed, the cost of x" dominates, and it grows with M(n).
The gain also shrinks above about 10,000 digits, because Brent’s half-precision products
save less with FFT multiplication than with linear multiplication.
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Figure 2. n-root performance.

Recommendation for the n-th root

1.

Use Newton’s method in Brent’s form on the top-down precision ladder, with the
Karp—Markstein top step. It needs no division, no final inversion, and it is the fastest
method at every precision tested.

Add the n-dependent margins extra = |logio((n + 1)/2)] to every level and kmextra
= [logio(n — 1)] to the level below the top.

Divide by n with an exponent shift when n is a power of two, and otherwise multiply
by 1/n computed once and rounded to the precision of the operand.

Compute x" by binary exponentiation with square() for the squaring, and leave the
choice between linear and FFT multiplication to the multiplication itself.

Do not use pow(), Halley’s method, Chebyshev’s method, or square roots for even
n.

Use guard digits = 2 for all n (Appendix C).
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The Inverse

To handle floating-point division, we rewrite the equation a/b as a- (1/b). Multiplication
is a much faster operation than division, so it makes sense to do it this way. Now we only
need to figure out how to quickly do a calculation of the inverse of (1/b). This same issue
affects many microprocessors, and early RISC (Reduced Instruction Set CPU) designs
that lacked hardware support for the division operator. The traditional method has been
used for its simplicity, but higher-order methods exist that we will examine in this
chapter. We will examine a number of methods:

Newton Method

Chebyshev method

Quartic order method
Goldschmidt method for inverse.

Newton’s method for inverse
We can use a classic Newton iteration using the following algorithm for calculating 1/b:

Xn+1 — xn(z - xny)

1
Wherey = b and x, = 3 (initial guess)

1
and x, converged towards 5

Algorithm 1

This can also be found in the following way by restating the problem of finding 1 =y.
X

Applying it to the Newton method, you get:

Where f(x) =y —=, f'(x) =

Xn+1 = Xpn — xn(xny - 1) =>

Xn+1 = xn(z - xny) (26)
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Notice that the algorithm requires only one subtraction and two multiplications per
iteration.

Example of Newton’s method for inverse
To see how this algorithm works, let us find the inverse of 1.6 using an initial guess of
0.1.

Newton 1/y

1/y 1.6

y= 1.6

Xo= 0.1
n Xn Error
1 0.184 4.4E-01
2 0.31383 3.1E-01
3 0.470078 1.5E-01
4  0.586598 3.8E-02
5 0.622641 2.4E-03
6 0.624991 8.9E-06
7 0.625 1.3E-10
8 0.625 0.0E+00

After eight iterations, the difference between the iteration and the built-in division
operator is zero, and 1/1.6 equals 0.625.

Now the only question is how to find a suitable starting point for the iteration, since we
cannot perform an initial division using the guess 1/b. Instead, we look at how our
arbitrary precision number is built up. i1 is the one-digit integer, and f; are the fractional
digits; ep is the base 2 exponent.

1 1 1

= - 2—€p
i1 fn

b - il - fnzep

We can extract the exponent portion and find the inverse and then multiply the

1
il f n
result by 27 to find our inverse of 1/b. Extracting the exponent will leave us with a
number [1,2). Since we have the support of the hardware division using the IEEE754
standard (64-bit floating-point number), we can get our initial start guess with
approximately 15-16 digits of accuracy, and then begin iterating towards higher accuracy.
If you do not have access to IEEE754, you can use a lookup table to find a suitable
starting point.

The Newton method for division is very fast and has quadratic convergence, meaning that
each iteration doubles the number of correct digits. To put this into perspective, assume
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we have a number with 128 digits, and we start with about 24 correct digits; then we
should expect only three iterations to get our result. For 1,000 digits, it will require
approximately six iterations, and for 1,000,000 digits, it will require approximately
sixteen iterations.

Brent improvement
Brent [7] points out that you can improve the Newton algorithm by iterating using:

Xn+1 = Xp + xn(l — YXn) (27)

This needs one extra addition; however, as Brent [7] points out, you can do the
multiplication of x,, (1 — yx,,) using only half the precision. Overall, you save some
computational power by using Brent’s suggestion.

Before presenting the source code, we first need to discuss three performance
improvements that apply to the Newton iteration and to all the higher-order methods in
this chapter.

The precision ladder (iterative deepening)

The Newton iteration and its division-free higher-order relatives, Chebyshev’s third-order
method and the fourth-order method, share the same scheduling technique, so we describe
it once here and refer back to it afterward. With e = 1 — yx, they form a single family:

Xni1 =Xn(1 +e+e?+ ... +e¥), new error e"

A Newton iteration (k = 2) doubles the number of correct digits per step, Chebyshev’s
method (k = 3) triples it, and the fourth-order method quadruples it. There is therefore no
reason to perform the early steps at the full working precision. A step that will only deliver
60 correct digits can be carried out with 60 digits of working precision, and only the final
step needs the full precision P. Since arbitrary precision multiplication grows faster than
linearly in the number of digits, the lower levels of such a ladder are much cheaper than
the top one, and the total cost of the whole iteration approaches the cost of a single step at
full precision.

Three details decide how much of that saving you actually get.

First, the ladder should be built top-down rather than bottom-up. The natural way to write
the loop is to start at 32 digits and double until the working precision is reached, but this
wastes the most expensive levels. At P = 100,002, the doubling sequence is 32, 64, ...,
32,768, 65,536, 100,002: the level at 65,536 digits does about a third more work than
needed, because 50,001 digits would already have been enough to land on 100,002.
Halving down from P instead, and then running the resulting list in reverse, makes every
level land exactly on the next one up: 25, 49, 98, ..., 25,001, 50,001, 100,002.

Second, the loop needs a stopping rule that does not cost an extra iteration. The obvious
test, “iterate until the correction no longer changes x”, spends one full-precision step
merely confirming that the correction has become negligible. For the inverse, this
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confirmation is unnecessary. Every step begins by computing the residual e = 1 — yx, and
since

l-yx(1+e+...+eH=1-(1-e)(l+e+..+ek)=¢"

e is exactly the relative error of the current x, and the step leaves an error of e*. Checking
le| <1074, where need is the number of correct digits the level requires on input, therefore
certifies the result of the step at no cost, because e has to be computed anyway. The loop
can exit immediately after the full-precision step. Where the test fails, for example after an
unusually poor starting guess, the level is simply repeated, which is correct but slower; a
small repeat cap keeps the loop finite. In the author’s measurements, the test never failed.

Third, every operand should be carried at no more precision than it can use. This is Brent’s
observation, extended to the higher orders. At a level of d digits with an order-k method,
le| = 1079, The subtraction 1 — yx cancels the leading d/k digits, so e only needs d(k—1)/k
digits, the power e? only d(k—2)/k digits, and so on. The final product x-(e + e*> + ...) is
added d/k digits below the leading digit of x, so it also needs only d(k—1)/k digits. Finally,
y must be rounded to the level’s precision d; otherwise, every early level multiplies a full-
precision y by a short x and forfeits most of the ladder’s saving.

Newton (k = 2) d2 — d/2
Chebyshev (k = 3) 2d/3 d/3 2d/3
Fourth order (k =4) 3d/4 d/2 (e*: d/4) 3d/4

Table 5. Digits needed for each operand at a level of d digits.

Together, the three improvements made the Newton inverse between 20% faster (at 1,000
digits) and 3.4 times faster (at 10,000 digits) than the bottom-up deepening version, and at
100,000 digits it needs 13 steps instead of 14.

What a higher order can buy

With the truncations above, the total multiplication work of the whole ladder, expressed in
units of one full-precision multiplication M(P), depends only on the convergence order and
on which multiplication algorithm is in use:

2 (Newton) 1.00 1.50 2.50
3 (Chebyshev) 1.00 1.48 2.50
4 (fourth order) 1.20 1.71 2.83

Table 6. Total multiplication cost of a laddered inverse in units of M(P). The FFT column
ignores power-of-two padding.

Unlike the log(x) computation, where each level is dominated by one exp() evaluation
regardless of the order, every extra term of the series costs a further multiplication. The
fewer levels of a higher-order method are paid for almost exactly by the extra work per
level, so third order is no cheaper than Newton in multiplication count, and fourth order is
more expensive.
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In practice, two second-order effects decide the winner:

» Below the FFT range, Chebyshev’s method needs fewer levels (6 instead of 10 at
10,000 digits) and therefore fewer temporaries, roundings, and precision changes.
In the author’s measurements, this made it 13-23% faster than Newton between
1,000 and 100,000 digits.

* In the FFT range, every product is padded to a power of two. Chebyshev’s largest
reduced product (2P/3 digits) crosses into the next transform length more often than
Newton’s (P/2 digits), which made Newton 27-30% faster at 1,000,000 and
10,000,000 digits.

The library therefore uses Chebyshev’s method below a fixed crossover precision and
Newton’s method above it. The fourth-order method was never the fastest at any of the
precisions tested and is not used.

For the inverse, the residual e is already a relative error, so it is compared against the
constant 1. We can now finally present the source for the inverse method using Newton.

Source inverse_newton()
// Newton inverse using a top-down precision ladder with Brent's half-precision trick.
// Iteration: e =1 - yx, x = x + x*e (new error = e”2 exactly, apart from rounding)
// Each level checks the accuracy of its input via e (free, e is needed anyway) and
// repeats the level (max 2 times) if the input was less accurate than expected.
static float precision inverse_newton(const float precision& a)
{

const size t guard = 2;

const size t precision = a.precision();

const size t target = precision + guard;

const eptype expo = a.exponent();

const float precision cl1(1);

float_precision r, x, xh, yd, y(a);

if (a.iszero() == true)
throw float_precision::divide by zero();

// if a is a true power of 2 then we don't need to iterate but just reverse
the exponent and return
if (a.size() == 1)

y.exponent(-y.exponent());
return y;

}

// find the inverse of y without exponent and adjust for exponent later
y.exponent(0); // y is in the interval [1..2[

// Build the ladder top-down: ladder[@] = target, each level ~half the one
above.
// Rung d needs ~d/2 correct digits on input. Stop when the IEEE754 seed
// (~15.9 correct digits) already covers the next rung down.
std::vector<size t> ladder{ target };
while (ladder.back() / 2 + 1 > 15)
ladder.push_back(ladder.back() / 2 + 1);

// Get an initial guess using ordinary floating point at the lowest level
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are significant

x.precision(ladder.back());
x = float precision(1.@ / (double)y);

// Walk the ladder from the lowest level (end) to the target (index 9).

// NB: precision is set BEFORE assignment since operator= keeps destination
precision.
for (size t i = ladder.size(), repeats = 0; i-- > 9; )

{

const size t digits = ladder[i];
const size t h = digits / 2 + 1; // Brent: only half the digits

yd.precision(digits);

yd = y;

// y rounded to this level, not full precision
x.precision(digits);

r.precision(h);

r=cl-yd*x; //e=1-yx, relative error of the input x
xh.precision(h);

xh = x;
// x*e only needs h digits of x
X += xh * pr; // X = x + x*e = x(1l+e)

// r is already a relative error so no division by x is needed.
// At the top level the input needs (precision+2)/2 digits so the

output reaches ~precision+2

log2(10)

}

const size t need = (digits == target)
? (precision + 2) / 2
: (digits > 4 ? digits / 2 - 2 : 1);
const intmax_t need_bits = (intmax_t)(need * 3.321928094887362); //

const bool ok = r.iszero() || r.exponent() < -need_bits;
if (!ok &% repeats < 2)
{
++i; // repeat this level
++repeats;
}
else

repeats = 0;

// Reapply exponent, mode, and precision
x.adjustExponent (-expo);
x.mode(a.mode());

x.precision(precision + 1);

return x;

Chebyshev’s method for inverse

A higher-order method with cubic convergence exists that, like the Newton—Brent method,
requires no division. We can iterate toward the inverse by using the following:
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Xn+1 = X + xn(l - yxn) + xn(l - yxn)z (28)

Compared to the Newton—Brent method, Xn+1 = xn + Xa(1 — yXa), we have the extra term
xa(1 — yXn)?, which adds one extra addition and one extra multiplication. Alternatively, it
can be stated as:

Zn =1 —yx,

Xpi1 = Xy + XnZy + X, 22 (29)

The iteration is Chebyshev’s third-order method applied to the function f(x) =y — 1/x,
whose root is the inverse 1/y. Chebyshev’s method is:

_ _ f(xn) _ f(xn)zf"(xn)
Tt T T ) T 2 (39
Where
1 1 2
fW=y-1 fe=2% f=-=%
This yields:
2
v () (%)
Xn+1 = Xp ——1  — 3 =
*h (%)
1 1 2
Xn+1 = Xn +x121 (Z_y) +x7§(;_}’) =
Xpn41 = Xp + xn(]- - yxn) + xn(l - yxn)z
Since

1—yxn+1=1—(1—zn)(1+zn+z,21)=z;°{

the error is cubed exactly in each iteration, apart from rounding. Each iteration therefore
triples the number of correct digits, requiring fewer iterations than the Newton method.

Why it is not Halley’s method
Householder’s second-order method is Halley’s method,

_ _ 2f (e fr(xp)
Xn+1 = Xn 2f1(xn)2=fF () fr(xn)

and applied to the same f(x) it gives
YXn—=1 _ Xn 1
y 1-zp y

Xn41 = Xpn —

That is the exact inverse in a single step, but only by performing the very division we are
trying to avoid. Expanding 1/(1 — z.) as a geometric series shows how the two methods are
related:

Xn

=x,(1+ 2z, + 25+ 23+ )
1-zpn
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Chebyshev’s method keeps the first three terms of the series, which makes it the natural
division-free third-order method for the inverse. Keeping k terms gives a division-free
method of order k:

Xn+1 = xn(]- + 2z, + Zrzl + et Zrlf_l)r 1—yxp4q = Zrlf
The Newton—Brent method is the case k = 2.

Operation count

Computed as zn = 1 — yXn, S = XnZn and Xp+1 = Xn + S + S°Zpn, the method requires three
multiplications, one subtraction and two additions per iteration, against two multiplications,
one subtraction and one addition for the Newton—Brent method.

We could be tempted to factor out x, as outlined below:
Zp=1—-yx,

Xn+1 :xn+xn(zn+zrzl) (31)

This also requires three multiplications, one subtraction, and two additions, but only the
product yx, needs the full working precision of the iteration. At a working precision of d
digits, |za| = 107%3, s0 z,? only needs d/3 digits, and both z, and the product Xn(za + z.) only
need 2d/3 digits, as described in the section on the precision ladder. This makes (31) the
fastest way to evaluate the iteration, and it is the form used in the library.

The Chebyshev convergence rate means that for each iteration, you triple the number of
correct digits, requiring fewer iterations than the Newton method.

Example of the Chebyshev convergence method for inverse
To see how this algorithm works, let us find the inverse of 1.6 using an initial guess of
0.1.

Chebyshev

1/y cubic convergence

1/y 1.6

Y= 1.6

Xo= 0.1
n Xn Error
1 0.25456 3.7E-01
2 0.494865 1.3E-01
3 0.619358 5.6E-03
4 0.625 4.6E-07
5 0.625 0.0E+00

After five iterations, the difference between the iteration and the built-in division operator
is zero, and 1/1.6 equals 0.625.
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Source inverse_Chebyshev()
// Chebyshev (3rd order) inverse using a top-down precision ladder with Brent-style
truncation.
// Iteration: e =1 - yx, x = X + x*(e + e*2) (new error = e”3 exactly, apart from
rounding)
// Each rung checks the accuracy of its input via e (free, e is needed anyway) and
// repeats the rung (max 2 times) if the input was less accurate than expected.
static float precision inverse_chebyshev(const float precision& a)
{

const size t guard = 2;

const size t precision = a.precision();

const size t target = precision + guard;

const eptype expo = a.exponent();

const float precision cl1(1);

float precision e, e2, et, s, x, xh, yd, y(a);

if (a.iszero() == true)
throw float_precision::divide by zero();

// if a is a true power of 2 then we dont need to iterate but just reverse the
exponent and return
if (a.size() == 1)

y.exponent(-y.exponent());

return y;
}
// find the inverse of y without exponent and adjust for exponent later
y.exponent(0); // y is in the interval [1..2[

// Build the ladder top-down: ladder[@] = target, each rung ~a third of the
one above.
// Rung d needs ~d/3 correct digits on input. Stop when the IEEE754 seed
// (~15.9 correct digits) already covers the next rung down.
std::vector<size t> ladder{ target };
while (ladder.back() / 3 + 1 > 15)
ladder.push_back(ladder.back() / 3 + 1);

// Get an initial guess using ordinary floating point at the lowest rung
x.precision(ladder.back());
x = float_precision(1.0 / (double)y);

// Walk the ladder from the lowest rung (end) to the target (index 0).
// NB: precision is set BEFORE assignment since operator= keeps destination
precision.
for (size t i = ladder.size(), repeats = 0; i-- > 9; )
{
const size t digits = ladder[i];
const size t t1 = digits / 3 + 1; // significant digits
needed for e”2
const size t t2 = 2 * digits / 3 + 1;// significant digits needed
for e and x*(e+e”2)

yd.precision(digits);

yd = y;

// y rounded to this rung, not full precision
X.precision(digits);

e.precision(t2);

e=cl-yd*x; // e=1-yx, relative error of the input x
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et.precision(tl);

et = e;

// e”2 only needs d/3 digits of e
e2.precision(tl);

e2 = et * et; // en2
s.precision(t2);

S =e + e2;

// e + er2

xh.precision(t2);

xh = x;

// x*(e+e”2) only needs 2d/3 digits of x
X += xh * s; // x = x(1l+e+e”2)

// e is already a relative error so no division by x is needed.
// At the top rung the input needs (precision+4)/3 digits so the
output reaches ~precision+2
const size t need = (digits == target)
? (precision + 4) / 3
: (digits > 9 ? digits / 3 - 2 : 1);
const intmax_t need_bits = (intmax_t)(need * 3.321928094887362); //

log2(10)

const bool ok = e.iszero() || e.exponent() < -need_bits;

if (!ok && repeats < 2)

{
++1; // repeat this rung
++repeats;

}

else
repeats = 0;

b

// Reapply exponent, mode, and precision
x.adjustExponent (-expo) ;
x.mode(a.mode());

x.precision(precision + 1);

return x;

The quartic (fourth-order) method for inverse

Adding one more term to Chebyshev’s method gives a division-free method with quartic
convergence. We can iterate toward the inverse by using the following:

Zy =1 —yx,

Xpi1 = Xy + XnZp + X, 22 + X253 (32)

Compared to Chebyshev’s method (29), we have the extra term xnz,’, which adds one extra
addition and one extra multiplication.

Newton’s method, Chebyshev’s method, and the quartic method are the first three members
of Schroder’s family of methods of the first kind, which are obtained by truncating the
Taylor series of the inverse function of f(x) around the current iterate. The fourth-order
member is:
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=x, —u, - 2_(L’2_ﬂ) 3 _ Sl
Xn+1 = X — Up Zqun 2712 efr) "W n = G (33)

where all derivatives are evaluated at x,. Dropping the u,’ term gives Chebyshev’s method
(28), and dropping the un? term as well gives Newton’s method. For the inverse we use, as
before:

fO=y=3 f@=1% fO=-% =%

The three terms then become:

1
——
X
Un = in =%, (yxn — 1) = =22y
X%
froo2 _ 1 2 2 _ 2
Z_f,un = _;xnzn = —XnZn
fn? fm) 3 (2 1) 3.3\ _ 3
(2f12 6f1 un - xrzl xrzl ( ann) - ann
This yields:
Xyt = Xp + XnZp + Xn22 + X, 23
n+1 = Xn nin nén nin
Since

1—yxp1=1-1—-2z)A+z, +2z2+23) =z}

the error is raised to the fourth power in each iteration, apart from rounding, and each
iteration quadruples the number of correct digits. The same result follows from the
geometric series of Xo/(1 — z,) = 1/y, of which (32) keeps the first four terms.

Evaluating the iteration
The polynomial factors neatly, since 1 +z+ z> + z° = (1 + 2)(1 + Z°):

Xn+1 = X (1 + 2,)(1 + 27) (34)

This form is elegant, but both multiplications by the factors involve x, and must be carried
out at the full working precision. The library therefore uses the summed form:

Zp=1—-yx,
Xn1 = Xn + X (2, + ZTZl + Zr%) (35)
which requires four multiplications, one subtraction and three additions per iteration. At a
working precision of d digits, [za| = 10~%4, so only the product yx, needs the full precision

d. The remaining operands need the following number of digits, as described in the section
on the precision ladder:
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3

Operand Zn=1-yxn Zn® Zn Xn(Zn + Zn? + 7o°)

Digits needed 3d/4 dr2 d/4 3d/4
Table 7. Digits needed for each operand of the quartic method at a level of d digits.

With these truncations, one level costs one d - d/4 product plus three balanced products of
d/2, d/4 and 3d/4 digits. With linear multiplication, the whole ladder then costs 1.20 full-
precision multiplications, against 1.00 for both the Newton—Brent method and
Chebyshev’s method. The fewer levels of the quartic method do not pay for the extra
multiplication per level.

Performance of the quartic method
The table below compares the three laddered methods. All three use the same top-down
ladder, stopping rule, and operand truncation.

Digits 1,000 10,000 100,000 1,000,000 10,000,000
Newton—Brent 0.020 0.68 40.9 372 6,290
Chebyshev 0.016 0.52 35.8 510 8,989
Quartic 0.020 0.55 44.5 475 8,160
Levels (N/ C/ Q) 7/4/4 10/6/5 13/9/7 17/11/9  20/13/10

Table 8. Time in milliseconds for the laddered inverse methods.

The quartic method is never the fastest. Below the FFT range, where Chebyshev’s method
wins, the quartic method needs one to three fewer levels from 10,000 digits upward, but
each level costs an extra multiplication, and it is 6-24% slower. In the FFT range, where
Newton’s method wins, it beats Chebyshev’s method but is still 28-30% slower than
Newton. Since every further order adds yet another multiplication per level while removing
an ever-smaller share of the levels, methods above fourth order are even less attractive.
The quartic method is therefore not used in the library, but it is included here for
completeness.

Source of the quartic method
// 4th order inverse using a top-down precision ladder with Brent-style truncation.
// Iteration: e =1 - yx, x = X + x*(e + e*2 + e”3) (new error = e”4 exactly, apart
from rounding)
// Each rung checks the accuracy of its input via e (free, e is needed anyway) and
// repeats the rung (max 2 times) if the input was less accurate than expected.
static float_precision inverse_quartic(const float_precision& a)
{

const size t guard = 2;

const size t precision = a.precision();

const size t target = precision + guard;

const eptype expo = a.exponent();

const float precision c1(1);

float_precision e, eh, eq, e2, e2q, e3, s, x, xh, yd, y(a);

if (a.iszero() == true)
throw float_precision::divide_by_zero();

// if a is a true power of 2 then we dont need to iterate but just reverse the
exponent and return
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if (a.size() == 1)

{
y.exponent(-y.exponent());
return y;
}
// find the inverse of y without exponent and adjust for exponent later
y.exponent(0); // y is in the interval [1..2[

// Build the ladder top-down: ladder[@] = target, each rung ~a quarter of the
one above.
// Rung d needs ~d/4 correct digits on input. Stop when the IEEE754 seed
// (~15.9 correct digits) already covers the next rung down.
std::vector<size_t> ladder{ target };
while (ladder.back() / 4 + 1 > 15)
ladder.push_back(ladder.back() / 4 + 1);

// Get an initial guess using ordinary floating point at the lowest rung
x.precision(ladder.back());
x = float precision(1.0 / (double)y);

// Walk the ladder from the lowest rung (end) to the target (index 0).
// NB: precision is set BEFORE assignment since operator= keeps destination
precision.
for (size t i = ladder.size(), repeats = 0; i-- > 0; )
{
const size t digits = ladder[i];
const size t q = digits / 4 + 1;// significant digits needed for e”3
const size t h = digits / 2 + 1;// significant digits needed for e”2
const size t t = 3 * digits / 4 + 1; // significant digits needed
for e and x*(e+e”2+e”3)

yd.precision(digits);

yd = y;

// y rounded to this rung, not full precision
x.precision(digits);

e.precision(t);

e=cl -yd*x; // e=1-yx, relative error of the input x
eh.precision(h);

eh = e;

// e”2 only needs d/2 digits of e

e2.precision(h);

e2 = eh * eh; // en2
eq.precision(q);
€q = €5

// e”3 only needs d/4 digits of e and e”2
e2q.precision(q);

e2q = e2;

e3.precision(q);

e3 = e2q * eq; // e"3
s.precision(t);

S = e+ e2 + e3; // e + er2 + e”3
xh.precision(t);

xh = x;

// x*(e+e”2+e”3) only needs 3d/4 digits of x

X += xh * s; // x = x(l+e+e”2+e”3)

// e is already a relative error so no division by x is needed.
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// At the top rung the input needs (precision+6)/4 digits so the
output reaches ~precision+2
const size t need = (digits == target)
? (precision + 6) / 4
: (digits > 12 ? digits / 4 - 2 : 1);
const intmax_t need_bits = (intmax_t)(need * 3.321928094887362); //
log2(10)
const bool ok = e.iszero() || e.exponent() < -need_bits;
if (!ok && repeats < 2)
{
++i; // repeat this rung
++repeats;

else
repeats = 9;

}

// Reapply exponent, mode, and precision
x.adjustExponent (-expo);
x.mode(a.mode());

X.precision(precision + 1);

return x;

The Goldschmidt inverse

The Goldschmidt inverse 1/d is simply a special case of Goldschmidt division where n=1.
Substituting n=1 into the Goldschmidt division iteration gives:

No =1, Do =d (scaled to [0.5, 1))

FiZZ—Di
P%+1==P% 'P}
Di+1:Di'Fi

As D converges to 1, N; converges to 1/d. The exponent is restored at the end exactly as
in the division case. No structural change to the algorithm is required; setting n=1 simply
means the numerator sequence starts at 1 and tracks the accumulating product of all F;
factors, which is precisely 1/d.

Despite its simplicity, the Goldschmidt inverse is 8-21 times slower than the Newton
inverse in software.

Digits 1,000 10,000 100,000 1M 10M |

Goldschmidt / Newton ladder 8x 26x% TX 18x  21x

The reason is the same as for division: each Goldschmidt iteration requires two full-
precision multiplications, one for Ni and one for D;, whereas a Newton inverse iteration
requires only one. The D; sequence is essentially wasted work in software, since its sole
purpose is to signal convergence. In CPU hardware, both multiplications execute in
parallel via pipelining, which eliminates this penalty entirely. In software, there is no
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such parallelism, and the dynamic precision scheduling that gives Newton its roughly
fourfold performance advantage is also unavailable to Goldschmidt, since both N; and D;
must be maintained at consistent precision throughout. For these reasons, the
Goldschmidt inverse is not used in this library.

Source Goldschmidt inverse
static float_precision goldschmidt_inverse(const float_precision& D)
{

const size_t prec = D.precision();

if (isnan(D)) return FP_QUIET_NAN;
if (D.iszero())
throw float_precision::divide_by_zero();

// Record sign and work with magnitude
int neg = D.sign(Q);

float_precision fD(abs(D));
fD.precision(prec);

// Normalize: extract exponent and force mantissa into [0.5, 1)
eptype eD = fD.exponent();
fD.exponent(-1); // Now fD is in [0.5, 1)

// Goldschmidt iteration: drive Di -> 1, Ni -> 1/D
float_precision Ni(1l, prec);
float_precision Di(fD);

const float_precision c2(2);
int i;
for (i = 0; ; ++i) {
float_precision F(c2 - Di);
Ni *= F;
float_precision Dold(Di);
Di *= F;
if (Dold == Di)
break;
}
// 1/D = Ni * 2~(-eD-1)
Ni.exponent(Ni.exponent() - eD-1);
return neg < 0@ ? -Ni : Ni;

Performance

Three of the four methods below use the precision ladder (Newton, Chebyshev, and
quartic), the stopping rule, and the operand truncation described earlier. The Y-axis is in
milliseconds on a logarithmic scale, and the X-axis is the number of decimal digits, ranging
from 10 to 10M digits.

2 October 2026. Page 54



Fast Square Root and inverse calculation for Arbitrary
Precision numbers

Inverse (1/x) Performance

1000000.000

100000.000

10000.000

1000.000

100.000

milli seconds

10.000

1.000

10 000

100,000 1,000,000 10,000,000

0.100

0.010

0.001
Digits

e NV NeWton e |nv Chebyshev Inv Quartic === |nv Goldschmidt

Figure 3. Performance of the laddered Newton—Brent, Chebyshev, quartic, and the non-
laddered Goldschmidt method for the inverse.

On the logarithmic scale of Figure 3, differences of 10-30% between the methods appear
only as small gaps between the curves. The measured times are therefore listed below as
well.

2 October 2026. Page 55



Fast Square Root and inverse calculation for Arbitrary
Precision numbers

Digits 10 100 1,000 10,000 100,000 1M 10M
Newton—Brent 0.002  0.005 0.020 0.677 41 372 6,290
Chebyshev 0.003 0.005 0.016 0.523 36 510 8,989
Quartic 0.003 0.006  0.020 0.554 45 475 8,160
Goldschmidt 0.004 @ 0.009 @ 0.160 17.414 277 6,737 | 132,412

Table 9. Time in milliseconds for the three laddered inverse methods and the
Goldschmidt inverse method.

Up to 100 digits, all three methods take a few microseconds, and at 10 digits Newton’s
method is marginally ahead because a Chebyshev or quartic level carries more temporary
variables. From 1,000 to 100,000 digits, Chebyshev’s method is the fastest and is 13-23%
faster than Newton’s method. It needs fewer levels and therefore fewer temporaries,
rounding, and precision changes, while its total multiplication work is the same as
Newton’s. At 1,000,000 digits and above, where the cost is dominated by FFT
multiplications padded to a power of two, Newton’s method takes over and is 27-30%
faster than Chebyshev’s method. The quartic method falls between the two over most of
the range and is never the fastest.

Compared with the previous version of the library, the new inverse is between 1.4 and 4
times faster at every precision tested, and compared with an iteration carried out at full
working precision throughout, it is more than ten times faster from 10,000 digits upward.

Recommendation Inverse

The precision ladder gives by far the largest improvement, and it applies to all the methods
except the Goldschmidt method. Once the ladder and Brent’s truncation are in place, a level
of d digits requires the following operations:

Method Additions/subtractions Multiplications at Multiplications at
level precision reduced precision
Newton—Brent 2 1 1 (d/2)
Chebyshev 3 1 2 (d/3,2d/3)
Quartic 4 1 3 (d/4, d/2,3d/4)

Table 10. Operations per level of d digits. The multiplication at level precision is yxn,
where x, carries only d/k significant digits for a method of order k.

Based on the performance measurements, we recommend:

1) Always use the top-down precision ladder with the residual-based stopping rule and
Brent’s operand truncation. Together, they make the Newton—Brent method 1.2—
3.4 times faster than the traditional bottom-up dynamic precision.

2) Use Chebyshev’s third-order method from 100 digits up to the crossover into the
FFT range, and the Newton—Brent method below 100 digits and above the
crossover. The exact crossover depends on the FFT implementation and lies
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between 100,000 and 1,000,000 digits in the author’s measurements. For simplicity,
stick with the Newton method.

3) Do not use the quartic or higher orders. Every additional order adds one more
multiplication per level, which the fewer levels do not pay for.

4) Do not use the Goldschmidt method since it simply can't compete with any of the
latter methods.
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Appendix A: Guard Digit Analysis for Square Root
Algorithms

This appendix derives theoretical lower bounds on the number of guard digits required to
guarantee that each square root algorithm returns a result within one ULP (unit in the last
place) of the true result Vy at the requested decimal precision p. Five algorithms are
analyzed: Newton’s method without division at full precision, which serves as the baseline;
the Newton—Brent iteration on the precision ladder; the Karp—Markstein top step that the
library uses to finish the ladder; Chebyshev’s third-order method on the precision ladder;
and the Goldschmidt method. Newton’s method with division is not analyzed, since it
needs a division per iteration and is not used.

A.1 Notation and Setup
Let p be the target precision in decimal digits. The unit roundoff at precision p is:
e=10"

All internal computation is performed at working precision p + g digits, where g is the
number of guard digits to be determined. The internal unit roundoff is therefore:

g =10
After exponent extraction, y lies in [0.5, 4), and x* = y 2 is the exact reciprocal square
root. The relative error of the iterate and the residual computed by the iterations are:

en = Xn/X* - 1, SO Xn — X*(l + en)

In = 1 - y'Xn2 = _zen - en2
The 1-ULP goal requires the final absolute error in Vy to satisfy:

|8ﬁnal| <% 107P (Al)

Since \/y lies in [0.7, 2), absolute and relative errors are within a factor of 2 of each other,
so relative-error bounds translate directly to absolute-error bounds.

Two kinds of error are counted for the final iteration. First, every floating-point operation
is counted as contributing at most €’ to the final result. For operations carried out at reduced
precision on the precision ladder this holds by construction, because the reduced precisions
are chosen so that each truncated operation contributes about one unit of €’. Second, the
final iteration leaves a convergence error determined by the accuracy of its input, which
the stopping rule bounds. Rounding errors committed in earlier iterations do not need to be
counted for the self-correcting methods, because each iteration recomputes its residual
from y and removes them.

A.2 Newton’s Method Without Division

A.2.1 Algorithm
The iteration computes the reciprocal square root from f(x) =y — 1/x> = 0:

Xnt1 = Y2Xn(3 = y'Xn?) (A.2)
and recovers the square root with a single final multiplication:
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Vy = y-Xnti (A.3)
This plain form is analyzed at full precision as the baseline for the other methods.

A.2.2 Convergence in Exact Arithmetic
Substituting x, = x*(1 + es) into (A.2) and using y-x** = 1:
Xnt1 = Vox*(1 + en)(3 = (1 + en)?)
= 15x*(1 + en)(2 — 2en — en’)
= x*(1 + en)(1 — en — Y2€n?)
=x*(1 — (3/2)en” — Vaen?)
Therefore:

Cn+l — _(3/2)en2 - 1/26[13 (A.4)

exactly. This confirms quadratic convergence: the number of correct digits doubles with
each iteration. The leading coefficient is 3/2, against 1 for the Newton iteration for the
inverse (B.3). When the final iteration starts from an input correct to (p + g)/2 digits, |en| <
10" ®*®"2_ and the convergence error left after the step is at most (3/2)¢’.

A.2.3 Cancellation Analysis

Near convergence y-Xn> = 1, so 3 — y-Xa> = 2. The result is well away from zero, and no
catastrophic cancellation occurs. The price is that the correction is carried in the trailing
digits of a quantity near 2, so every operation must be carried out at the full working
precision.

A.2.4 Rounding Error of the Final Iteration
Step 1: t=y'xs> (2 multiplications; < 2¢”)
Step2:u=3 —t (1 subtraction, no cancellation; < ¢’)
Step 3: xn+1 = ¥2xa'u (1 multiplication, 72 is an exponent shift; < g”)
Step 4: \y =y'xn+1  (final multiplication; < £”)

Adding the convergence error (3/2)¢’ from A.2.2:
|Ototal] < 5€” + (3/2)e” = 6.5¢’ (A.5)

A.2.5 Guard Digit Requirement
Applying the 1-ULP goal (A.1):

6.5-107 ") <15-107P

108>13

g >logio(13) = 1.11 (A.6)
Rounding up:

g=>2 (A.7)
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Theoretical minimum: g = 2 guard digits for Newton’s method without division. The
inverse needs only g > 1 for the same iteration (B.6), because its convergence coefficient
is 1 rather than 3/2 and it has no final multiplication.

A.3 Newton-Brent on the Precision Ladder

A.3.1 Algorithm
Brent’s reformulation of the Newton iteration is:

tn=(1 —yXn2)/2, Xt =Xn+ Xn'In (A.8)
followed by \y = yx as in (A.3). It is mathematically identical to (A.2), so (A.4) applies
unchanged. On the precision ladder, y is rounded to the precision d of each level, y-xn? is
formed at precision d, and the residual r, and the correction X1, are carried at d/2 digits.

A.3.2 Rounding Error of the Final Iteration
Let p’ = (p + g)/2. The final level starts from an iterate correct to about p’ digits, so |ra| =
les| = 107", not £”. The operations are:

Step 1: t=y-xa> (2 multiplications at full precision; < 2¢”)

Step 2: ta = (1 —t)/2 (stored at p’ digits; < |ra|- 10 = ¢’)
Step 3: s =Xn'n  (half precision p’; <|s|- 10" = g”)

Step 4: Xn+1 =xn +s  (full precision; < ¢€’)

Step 5: Vy =y-Xn+1  (final multiplication; < &)

The subtraction in Step 2 cancels the leading p’ digits of t, but its result is exact apart from
the rounding of t and the rounding to p’ digits, and both reach the result through the
multiplication by x, = x*. The half-precision product in Step 3 contributes one full unit of
¢’, not a negligible amount: since |s| = 10, carrying it at p’ digits is exactly what makes
its error equal to that of a full-precision operation. Adding the convergence error (3/2)¢’:

Stotal] < 68 + (3/2)e” = 7.5¢” (A.9)

A.3.3 Guard Digit Requirement
7.5:10°0"® < 15-107P

102> 15
g>logio(15) = 1.18 (A.10)
g>2 (A.11)

Theoretical minimum: g = 2 guard digits for the laddered Newton—Brent square root. The
half-precision saving does not relax the guard digit requirement, and the reduced precisions
are chosen so that they do not tighten it either.
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A.4 The Karp-Markstein Top Step

A.4.1 Algorithm
The library stops the Newton—Brent ladder one level early, leaving x correct to h = (p +
g)/2 digits, and computes the square root directly in the top step:

s=y'x (hdigits) (A.12)
Vy =s+x(y — s%)/2 (A.13)
Only the subtraction y — s and the final addition are carried out at full precision. The square

s is formed from an h-digit operand, and the correction x(y — s?)/2 is an h x h product. The
final multiplication (A.3) is no longer needed.

A.4.2 Convergence in Exact Arithmetic
Let s =y(1 + &), where  ~ e is the relative error of s, including the rounding of the h-digit
product, and x = x*(1 + e). Then y — s? = —y(25 + &%) and:
s+ x(y — s2)/2 = Vy(1 + 8) — Vy(1 + e)( + 1452
=y(1 — 148> — &8 — Y%ed?)
With § = e, the relative error of the result is:

The same as a Newton step (A.4). The correction divided by s is —0 to first order, so the
stopping rule can test the accuracy of the input at no cost and guarantee || < 10~®*®2, The
convergence error is therefore at most (3/2)¢’. Note that the rounding of the h-digit product
s is part of d: it is an inaccuracy of the input, which the step removes, not a rounding error
at the full precision.

A.4.3 Cancellation Analysis

The subtraction y — s? cancels the leading h digits. As in A.3.2, the result is exact apart
from the rounding of s> and the rounding of the stored difference, and it is used only in the
small correction x(y — s2)/2, so its absolute error reaches the result unchanged.

A.4.4 Rounding Error of the Top Step
Step 1: s> (square at full precision; < €”)
Step 2: t=y —s* (stored at about h digits; < ¢’)
Step 3: c =x-t/2  (h-digit product; < [c[- 10 = ¢”)
Step4: \y=s+c (full precision; <¢”)

Adding the convergence error (3/2)¢’ from A.4.2:
|8total| S 48’ + (3/2)8’ = 5.58’ (A.IS)

A.4.5 Guard Digit Requirement
55107 <15-107P
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108> 11
g>logio(11) = 1.04 (A.16)
g>2 (A.17)

Theoretical minimum: g = 2 guard digits for the Newton—Brent ladder with the Karp—
Markstein top step. Its bound is the smallest of the square root methods, because the final
multiplication y-X is gone, and it is also the fastest method.

A.5 Chebyshev’s Method on the Precision Ladder

A.5.1 Algorithm
Chebyshev’s third-order method applied to f(x) = y — 1/x? truncates the binomial series of
(1 —r) "2 after three terms. The library evaluates it in the laddered form:

tm=1-yXn’ (A.18)
Xnt1 = Xn + Xn(tn/2 + 314%/8) (A.19)

followed by Wy = y'x as in (A.3). It is mathematically identical to the factored form xa(15
— 10z + 3z,2)/8 with z, = y-Xa%. At a level of d digits, r, and the correction are carried at
2d/3 digits, and r,” at d/3 digits.

A.5.2 Convergence in Exact Arithmetic
Since x*/xn = (1 —1n) "2 =1 + 1o/2 + 312%/8 + 5123/16 + ..., the step leaves

Xnr1/x* = (1 — 1) 2(1 + 10/2 + 312%/8) = 1 — (5/16)r> + O(1n*)
and with r, = —2en:

ent1 = (5/2)en’ + O(en*) (A.20)

This confirms cubic convergence. When the final iteration starts from an input correct to
(p + g)/3 digits, |en] < 107P"®3 and the convergence error left after the step is at most
(5/2)¢’.

A.5.3 Cancellation Analysis

The subtraction 1 — y-x,? cancels the leading (p + g)/3 digits. As for the Newton—Brent
iteration, this is benign: the result is exact apart from the rounding of y-x.2, and it is used
only in the small correction. The sum 14/2 + 3r,%/8 is dominated by rn/2, and no cancellation
occurs.

A.5.4 Rounding Error of the Final Iteration
Withd=p+g:

Step 1: t=y'xa> (2 multiplications at full precision; < 2¢’)

Step2: tn=1—1t (stored at 2d/3 digits; <¢’)
Step 3: 12> (d/3 digits; < ¢’)
Step 4: 3r,%/8  (small integer multiplication, d/3 digits; < €”)

2 October 2026. Page 62



Fast Square Root and inverse calculation for Arbitrary
Precision numbers

Step 5: u=r1n/2 +3r,%/8 (2d/3 digits; < &)
Step 6: xo'u  (2d/3 digits; <¢’)

Step 7: Xn+1 = Xn + Xn'u  (full precision; < ¢’)
Step 8: \y =y xa+1  (final multiplication; < &”)

Adding the convergence error (5/2)¢’ from A.5.2:
Ototal] < 9€” + (5/2)e” = 11.5¢’ (A.21)

This bound is conservative. The implementation carries one extra digit in each truncated
operand (d/3 + 1 and 2d/3 + 1 digits), which reduces the contributions of Steps 2—6 to about
€’/10 each, and the total to about 7¢’.

A.5.5 Guard Digit Requirement
11.5:1070"® < 15107

108> 23
g >logio(23) = 1.36 (A.22)
g>2 (A.23)

Theoretical minimum: g = 2 guard digits for the laddered Chebyshev square root. With the
extra digit carried in the truncated operands, 108 > 14 and g = 2 is still required.

A.6 Goldschmidt Method

A.6.1 Algorithm
Starting from xo = y-yo and ho = yo/2, where yo = 1/\ly is the IEEE 754 seed, each iteration
computes:

n="%- Xihi, Xi+l = Xj T Xili, hi+1 = hi + hir; (A'24)
so that x; — \/y and h; — 1/ (2\/y). All iterations are carried out at the full working precision.

A.6.2 Convergence in Exact Arithmetic
Since xi+1hi+1 = xihi(1 + 1i)* = (Y5 — ri)(1 + )™

tie1 = (3/2)ri% + 17 (A.25)

which confirms quadratic convergence from the seed, where |ro| = 1076, Both sequences
are multiplied by the same factor (1 + ri), so the ratio xi/h; = 2y is preserved. With exact
ratio, Xi = \/y(l +§) gives ri = —8 — 187, and the step leaves a relative error of about (3/2)52.
The loop stops after the step in which |ri| < 107 ?"®'2, 50 the convergence error is at most
(3/2)¢’. This threshold lies far above the rounding level €’, so the test is always reached
while the iteration is still quadratic.
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A.6.3 Rounding Error and Self-Correction

The method is not self-correcting: y enters only through xo, so a rounding error that changes
the ratio xi/h; is never removed. The rounding of Xo = y-yo changes the ratio by at most ¢’,
and each iteration changes it by at most 2¢’, through the rounding of the two updates. A
rounding error in 1j is harmless, because it changes the factor applied to both sequences
alike. After k iterations:

Stotal] < (2k + D&’ + (3/2)8” = 2k + 2.5)¢” (A.26)

A.6.4 Guard Digit Requirement
(2k +2.5)-107P™® < 145.107P
108>4k +5
g >logio(4k +5) (A.27)

Starting from the IEEE 754 seed, k = [log2((p + g)/32)] + 1, which gives k =6, 10, 13 and
16 at 1,000, 10,000, 100,000 and 1,000,000 digits, in agreement with the measured iteration
counts. At one million digits, (A.27) requires g > log10(69) = 1.84. Theoretical minimum:
g =2 guard digits up to k = 23, or roughly 130 million digits, and g = 3 beyond.

A.7 Recommendations

The table below consolidates the bounds derived in Sections A.2—A.6. The error bound is
the total absolute error of the final iteration in units of & = 10 ®*®, including the
convergence error, and the minimum g follows from requiring it to be below 2-107P.

Method Convergence Operations Error bound Ming Guard used
Newton, full precision Quadratic 4 + final y-x 6.5¢’ (A.5) 2 2
Newton—Brent ladder Quadratic 5'+ final y-x 7.5¢> (A.9) 2 2
Newton—Brent + Karp— Quadratic 42 (top step) 5.5¢” (A.15) 2 2
Markstein

Chebyshev ladder Cubic 7% + final y-x 11.5¢” (A.21) 2 2
Goldschmidt Quadratic 6 per iteration (2k +2.5)¢’ 24 2

(A.26)

! Two multiplications at the level precision and one at half precision, one subtraction and one
addition. 2 A half-size square, one h-digit product, one subtraction and one addition at full precision.
3 Two multiplications at the level precision, three operations at reduced precision, one subtraction
and one addition. *k is the number of iterations, about 16 at one million digits; g = 2 suffices up
to about 130 million digits and g = 3 beyond.

Notable Observations
1. Guard =2 is both required and sufficient for all the square root methods. Unlike the
inverse, where the Newton—Brent iteration needs only g > 1, every square root
bound exceeds 10¢’: the Newton step leaves a convergence error with coefficient
3/2 rather than 1, and the ladders end with the final multiplication y-x. Earlier
versions of this appendix concluded g > 1 for Newton’s method because they left
out the convergence error of the final iteration.
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2. The Karp—Markstein top step has the smallest bound of the square root methods,
because it removes the final multiplication. The method that is fastest is therefore
also the most accurate.

3. Reduced precision costs no extra guard digits. The half-precision product of the
Newton—Brent iteration and the reduced operand precisions of the ladder are chosen
so that each truncated operation contributes about one unit of €’, the same as an
operation at full precision.

4. A higher convergence order does not reduce the guard digit requirement.
Chebyshev’s method performs more operations per iteration and leaves a larger
convergence error, (5/2)¢’ against (3/2)¢’, giving 11.5¢” against 7.5¢’ for the
Newton—Brent ladder.

5. All the residual-based forms (Newton—Brent, Karp—Markstein and the laddered
Chebyshev method) compute a residual with catastrophic cancellation, 1 — y-x? or
y — s%. The cancellation is benign, because the residual is used only as a small
correction, so its absolute error reaches the result unchanged. Only the plain forms
(A.2) and the factored Chebyshev form avoid it, at the price of carrying every
operation at full precision.

6. Self-correction is the decisive property. The Goldschmidt method accumulates its
rounding errors over all k iterations and cannot use the precision ladder, which
makes it 5-20 times slower than the laddered Newton method with the Karp—
Markstein top step.

7. A unified recommendation: use guard = 2 for all the square root methods. This is
the value used in the implementation.

2 October 2026. Page 65



Fast Square Root and inverse calculation for Arbitrary
Precision numbers

Appendix B: Guard Digit Analysis for Inverse (1/y)
Algorithms

This appendix derives theoretical lower bounds on the number of guard digits required to
guarantee that each inverse algorithm returns a result within one ULP (unit in the last place)
of the true result 1/y at the requested decimal precision p. Four algorithms are analyzed:
Newton’s method at full precision, which serves as the baseline; the Newton—Brent
iteration on the precision ladder; Chebyshev’s third-order method on the precision ladder;
and the Goldschmidt method. The fourth-order method is not analyzed, since it is not used;
with the same counting, it requires g = 2.

B.1 Notation and Setup
Let p be the target precision in decimal digits. The unit roundoff at precision p is:
e=10"
All internal computation is performed at working precision p + g digits, where g is the
number of guard digits to be determined, giving the internal unit roundoft:
g =10"®®

After exponent extraction, y lies in [1, 2), and x* = 1/y is the exact inverse. The relative
error at iteration n is:

en=Xn'y — 1, s0Xn=x*(1 +en)
The 1-ULP goal requires the final absolute error to satisfy:

|Ofinal] < ¥2:107P (B.1)
Since x* lies in (0.5, 1], absolute and relative errors are within a factor of 2 of each other,
so relative-error bounds translate directly to absolute-error bounds.

As in Appendix A, two kinds of error are counted for the final iteration: every floating-
point operation, including those carried out at reduced precision on the precision ladder,
contributes at most €’, and the final iteration leaves a convergence error determined by the
accuracy of its input, which the stopping rule bounds. Rounding errors of earlier iterations
are removed by the self-correcting methods and are not counted.

B.2 Newton’s Method for Inverse

B.2.1 Algorithm
The standard Newton iteration for 1/y is derived from f(x) =y — 1/x =0:

Xn+1 = Xn(2 — y*Xn) (B.2)
Each iteration requires one subtraction and two multiplications. The library uses Brent’s
reformulation of the same iteration (Section B.3), which allows the correction to be
computed at half precision. The plain form is analyzed here as the baseline for the other
methods.
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B.2.2 Convergence in Exact Arithmetic
Substituting x, = x*(1 + ey) into (B.2) and using x*-y = 1:
Xntl = X*¥(1 +en)(2 — (1 +en))
=x*(1 — en?)
Therefore:

Cn+rl = _en2 (B3)

exactly, without higher-order terms. This confirms quadratic convergence. The leading
coefficient is 1, compared with 3/2 for the Newton iteration for the square root (A.4), so
the inverse iteration contracts its error slightly faster at the same error magnitude. When
the final iteration starts from an input correct to (p + g)/2 digits, |es] < 107 ?"®'2 and the
convergence error left after the step, en?, is at most €’

B.2.3 Cancellation Analysis

Near convergence y'Xn =~ 1,502 —y'Xa = | —en = 1. The result is well away from zero, and
no catastrophic cancellation occurs. The price is that the correction —e, is carried in the
trailing digits of 1 — ey, so the subtraction and both multiplications must be carried out at
the full working precision.

B.2.4 Rounding Error of the Final Iteration
Step 1: t=y'xn (1 multiplication at full precision; < ¢’)
Step 2: u=2—t (1 subtraction, no cancellation; < ¢’)
Step 3: Xa+1 = xn'u (1 multiplication at full precision; < ¢”)

Adding the convergence error e,> < &’

|Ototal] < 38” + & =4¢’ (B.4)

B.2.5 Guard Digit Requirement
4-10° P <15-107P

108>8
g >1ogi0(8) = 0.90 (B.5)
g>1 (B.6)

Theoretical minimum: g = 1 guard digit for Newton’s inverse. With g = 2, the value used
in the library, the margin above the bound is about 12x.

B.3 Newton-Brent on the Precision Ladder

B.3.1 Algorithm
Brent’s reformulation separates the correction term:
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Xn+1 = Xn T Xn(1 — yXn) (B.7)
It is mathematically identical to (B.2), so (B.3) applies unchanged. On the precision ladder,

y is rounded to the precision d of each level, the residual 1 — y-x, and the correction are
carried at d/2 digits, and only the product y-x, is formed at precision d.

B.3.2 Rounding Error of the Final Iteration

Let p’ = (p + g)/2. The final level starts from an iterate correct to about p’ digits, so the
residual is not at machine precision when the final step begins, but [r| = |1 — y-Xa| = |en| =
107", The operations are:

Step 1: t=y'xn (1 multiplication at full precision; < ¢”)
Step2:r=1—t (stored atp’ digits; <|r[-10P = ¢’)
Step 3:s=xa1 (half precision p’; <|[s| 10 = ¢’)

Step 4: xn+1 =Xn+ s (full precision; <¢’)

The subtraction in Step 2 cancels the leading p’ digits of't, but its result is exact apart from
the rounding of t and the rounding to p’ digits, and both reach the result through the
multiplication by x, = x*. The half-precision product in Step 3 contributes one full unit of
€’, not a negligible amount: carrying it at half precision is exactly what makes its error
equal to that of the full-precision steps, and no larger. Adding the convergence error s> <

2

€

|Ototal] < 4€” + € = 5¢’ (B.8)

B.3.3 Guard Digit Requirement
5-10P® < 14.107P
108>10
g>1 (B.9)

Theoretical minimum: g = 1 guard digit for the Newton—Brent inverse, the same as for
Newton’s method, but with no margin left. The implementation uses g = 2, giving a 10x
margin.

B.4 Chebyshev’s Method on the Precision Ladder

B.4.1 Algorithm

The Chebyshev inverse iteration is Chebyshev’s third-order method applied to f(x) =y —
1/x. It is not Householder’s second-order method, which is Halley’s method and requires a
division (see the main text). The library evaluates it in the laddered form:

Zn=1—-yXn (B.10)
Xntl = Xn + Xn(Zn + Zn?) (B.11)
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At a level of d digits, only the product y-x, is formed at precision d. The residual z, and
the correction are carried at 2d/3 digits, and z,” at d/3 digits. Each iteration requires three
multiplications, one subtraction and two additions.

B.4.2 Convergence in Exact Arithmetic

With x, = x*(1 + en), we have y'x, = 1 + en, S0 za = —€n. Substituting into (B.11):
Xn+l = X*(l + en)(l — €n + enz) = X*(l + en3)

Therefore:

en+1 = €n’ (B.12)

exactly, without higher-order terms. This confirms cubic convergence. When the final
iteration starts from an input correct to (p + g)/3 digits, |es| < 10" ?"®"3 and the convergence
error left after the step, |en|*, is at most &’

B.4.3 Cancellation Analysis

The subtraction 1 — y-x, cancels the leading (p + g)/3 digits. This is the same cancellation
as in the Newton—Brent method, and it is benign for the same reason: the result is exact
apart from the rounding of y-Xn, and z, is used only as a small correction multiplied by xn
~ x*. The sum zs + z,” is dominated by z,, and no cancellation occurs.

B.4.4 Rounding Error of the Final Iteration
Withd =p+ gand |z, = 10793:
Step 1: t=y-xn (full precision; <¢’)
Step2:za=1—1t (stored at 2d/3 digits; < |z,|- 107293 = ¢’)
Step 3: z.>  (d/3 digits; < |za[*- 107 Y3 = ¢”)
Step 4:u=1zn+2z.> (2d/3 digits; < &)
Step 5: xa'u (2d/3 digits; <¢’)
Step 6: Xn+1 =Xn + Xp'u  (full precision; < ¢”)

Adding the convergence error |eq]* < &’:

|Ototal] < 68" + € =T¢’ (B.13)

This bound is conservative. The implementation carries one extra digit in each truncated
operand (d/3 + 1 and 2d/3 + 1 digits), which reduces the contributions of Steps 2—5 to about
£’/10 each, and the total to about 3.4¢’.

B.4.5 Guard Digit Requirement
7-10P® < 14.107P

108> 14
g>logi(14) = 1.15 (B.14)
g>2 (B.15)
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Theoretical minimum: g = 2 guard digits for the Chebyshev inverse using the conservative
bound (B.13). With the extra digit carried in the truncated operands, the bound drops to
about 3.4¢’, and g = 1 would suffice. The implementation uses g = 2.

B.5 Goldschmidt Method

B.5.1 Algorithm
The Goldschmidt method computes ¢ = N/D by multiplying numerator and denominator
by a sequence of factors chosen so that D; — 1:

fit1 =2 —D; (B.16)
Ni+1 = Nj-fir1 (B.17)
Di+1 = Di-fis1 (B.18)

For the inverse, No = 1 and Do = y. Convergence only requires 0 < Do < 2; the source in
this paper scales Do to [0.5, 1) and restores the exponent at the end. Each iteration requires
two multiplications and one subtraction, all at the full working precision.

B.5.2 Convergence in Exact Arithmetic
Define §; = 1 — Di. Then fir1 = 1 + &; and Di+1 = (1 — &)(1 + &i) = 1 — &, so:

Sir1 = & (B.19)

This confirms quadratic convergence of the denominator toward 1. The numerator
undergoes the same scaling, so Nj — 1/y as D; — 1.

B.5.3 Cancellation Analysis
Near convergence D; = 1, so fi+1 =2 — Dj = 1. The result is well away from zero, and no
catastrophic cancellation occurs.

B.5.4 Rounding Error per Iteration
Step 1: f=2—D (1 subtraction, no cancellation)

Step 2: N’ =N-f (1 multiplication; <¢’)
Step 3: D’ =D-f (1 multiplication; <¢’)

The two multiplications are independent and run in parallel in hardware, but in sequential
software each contributes €’:

|8round,iter| <2 =2 10—(p+g) (B20)

A rounding error in f is harmless, because it scales N and D alike.

B.5.5 Guard Digit Requirement
The per-iteration bound (B.20) is of the same size as Newton’s, but it cannot be used in the
same way. Newton’s method is self-correcting: each iteration recomputes its residual from
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y, so a rounding error committed in one iteration is removed by the next, and only the
rounding of the final iteration survives. The Goldschmidt method is not self-correcting. In
exact arithmetic the ratio Ni/D; equals 1/y at every step. A rounding error in N; or Dj
changes this ratio by a relative amount of at most €’, and since all later steps multiply N
and D by the same factor, the perturbed ratio is carried unchanged to the end; nothing in
the iteration compares N; with y again. After k iterations the accumulated error in the ratio
is bounded by 2ke’, and when the iteration stops, Dk differs from 1 by at most €’:

1Btotal] < (2K + 1)e” (B.21)

Starting from Dy € [0.5, 1), |5o| < 0.5 and |8k| = |5o|™ with m = 2%, so reaching &’ requires k
~ log2((p + g)-1og2(10)). This gives k = 12 at 1,000 digits, 22 at 1,000,000 digits and 25 at
10,000,000 digits, close to the measured iteration counts of 11, 22 and 24. Applying the 1-
ULP goal (B.1):

2k +1)-10°*?*® <15-107P
108> 4k + 2
g >logio(4k +2) (B.22)

For k = 12 this gives g > 1.70, for k =22, g > 1.96, and for k = 25, g > 2.01. Theoretical
minimum: g = 2 guard digits up to about ten million digits, and g = 3 beyond, rather than
the g = 1 of Newton’s method. Starting from an IEEE 754 seed instead of Do € [0.5, 1)
removes about six iterations, but does not change the conclusion. The same lack of self-
correction is why Goldschmidt cannot use the precision ladder: an iteration carried out at
reduced precision would leave its rounding error permanently in the ratio Ni/D;.

B.6 Recommendations

The table below consolidates the bounds derived in Sections B.2—B.5. The error bound is
the total absolute error of the final iteration in units of & = 10 ®*®, including the
convergence error, and the minimum g follows from requiring it to be below 2-107P.

Method Convergence Operations per Error bound Ming Guard ‘
iteration used
Newton, full precision Quadratic 3 (2 mul, 1 sub) 4¢’ (B.4) 1 -
Newton—Brent ladder Quadratic 4 (2 mul', 1 sub, 1 add) 5¢” (B.8) 1 2
Chebyshev ladder Cubic 6 (3 mul?, 1 sub, 2 add) 7¢’ (B.13) 2 2
Goldschmidt Quadratic 3 (2 mul, 1 sub) 2k + 1)e’ 23 0
(B.21)

! One multiplication at the level precision and one at half precision. ? One multiplication at the
level precision and two at reduced precision (d/3 and 2d/3 digits). * k is the number of iterations,
k = log2((p + g)-logz(10)), about 22 at one million digits; g = 2 suffices up to about ten million
digits and g = 3 beyond.

Notable Observations
1. Guard = 2 is sufficient for all the laddered inverse methods. It gives the Newton—
Brent method a 10x margin above its bound (B.8) and satisfies the conservative
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Chebyshev bound (B.13). With the extra digit that the implementation carries in its
truncated operands, the Chebyshev error drops to about 3.4¢’, a margin of about
15x. The earlier implementations used guard = 5, roughly 10* times more than
needed.

2. The inverse needs fewer guard digits than the square root (Appendix A): its Newton
step leaves a convergence error with coefficient 1 instead of 3/2, and it has no final
multiplication.

3. Reduced precision costs no extra guard digits. Brent’s half-precision product and
the reduced operand precisions of the ladder are chosen so that each truncated
operation contributes about one unit of €’, the same as an operation carried out at
full precision.

4. A higher convergence order does not reduce the guard digit requirement. The
Chebyshev method needs one guard digit more than the Newton—Brent method in
the conservative analysis, because it performs two more truncated operations per
iteration (7¢’ against 5¢’). The cancellation in 1 — y-'x, is not the reason: the
Newton—Brent method computes exactly the same residual, and only the plain
Newton form X,(2 — y-Xa) avoids it. In all cases the cancellation is benign.

5. Self-correction is the decisive property. The Newton—Brent and Chebyshev
iterations recompute their residual from y at every step, so only the rounding of the
final iteration survives, and the earlier iterations can run at reduced precision. The
Goldschmidt method never compares its iterate with y again, so its rounding errors
accumulate over all k iterations. The same property prevents it from using the
precision ladder, which makes it uncompetitive in software, although it remains
attractive in hardware, where its two multiplications per step can run in parallel.

6. The Goldschmidt inverse source in this paper carries no explicit guard digits. It still
reproduced the reference results in the tests, most likely because the decimal
precision is rounded up to whole 64-bit limbs, which leaves some hidden extra bits.
According to (B.22), a robust implementation should carry g = 2, or g = 3 above
about ten million digits.

7. A unified recommendation: use guard = 2 for both the Newton—Brent and the
Chebyshev inverse. This is the value used in the implementation, and it is supported
by the analysis for every precision.
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Appendix C: Guard Digit Analysis for the n-th Root
Algorithm

This appendix derives the number of guard digits required for the n-th root algorithm of
the library to return a result within one ULP of the true value ™S at the requested decimal
precision p. The algorithm iterates toward x* =y~ " with the Newton—Brent iteration on a
top-down precision ladder and finishes with the Karp—Markstein top step, which delivers
"™y directly. There is no final inversion. The analysis follows Appendices A and B; the
case n = 2 is the square root of Appendix A, so n > 3 is assumed throughout.

C.1 Notation and Setup

Let p be the target precision in decimal digits, and let all internal computation be performed
at the working precision p + g, where g is the number of guard digits. The unit roundoffs
are:

e=10"P, & =10""®
The 1-ULP goal requires the final absolute error to satisfy:

|Ofinal] < ¥2-107P (C.1)
C.1.1 Exponent Extraction and Working Range
The binary exponent e, of S is split as e, = n-q + r with q = ep/n rounded toward zero, so
that —n < r < n. The working argument is y = m-2', where m € [1, 2) is the normalized
mantissa, and the result is "VS = 29-™)y, where the scaling by 29 is exact. The working range
is therefore:

y€Q ™D, 2M, w=my€e 2™ 2)c(0.5,2) (C.2)
Since w lies in (0.5, 2), relative and absolute errors in the result are within a factor of 2 of

each other. For large n, y itself may lie outside the range of a double, so the initial guess is
computed from m and r separately as m~ /"2,

C.1.2 Error Counting

As in Appendices A and B, every operation in the final step is counted as contributing at
most € to the result, and the final step leaves a convergence error determined by the
accuracy of its input, which the stopping test bounds. The Newton—Brent iteration and the
Karp—Markstein step both compute their residual from y, so they are self-correcting:
rounding errors committed at the lower levels of the ladder are removed by the next level
and need not be counted. The lower levels only have to deliver enough correct digits, which
Section C.4 shows.

C.2 The Newton-Brent Iteration

C.2.1 Algorithm
The iteration seeks x* = y /" as the root of f(x) =x " —y = 0:

ei=1—-yx", ri=ei/n, X1 =Xt X (C.3)
On the precision ladder, y is rounded to the precision d of each level, y-xi" is formed at
precision d by binary exponentiation, and ri and the correction X;-1; are carried at d/2 digits.
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C.2.2 Convergence in Exact Arithmetic
Write x; = x*(1 + &;). Since y-x*" =1, y'xi" = (1 + 8)" = 1 + nd; + C(n,2)d:* + C(n,3)5:* +
..., and:

ri=—8 — ((n — 1)/2)52 — ((n — 1)(n — 2)/6); + O(&;*)
Xi+1/x* = (1 + 8i)(1 +1j)
=1—((n+ 1)/2)52— ((n? - 1)/6)8: + O3
Therefore:

Sir1 = —((n + 1)/2)82 — (n®> — 1)/6)8 + O(&:*) (C.4)

For n = 2 this is the exact result (A.4) of the square root. The convergence is quadratic for
every n, with a constant (n + 1)/2 that grows with n: 2 forn= 3, 3 for n =5, and 50.5 for n
=100. A step that starts from D correct digits therefore delivers about 2D — logio((n + 1)/2)
digits.

To first order r; = —9;, so r; measures the relative error of the input, and the stopping test
needs no extra work.

C.2.3 Cancellation Analysis

The subtraction 1 — y-x;" cancels the leading digits that x; already has correct. This is the
intended cancellation of Brent’s formulation: the result is exact apart from the rounding of
y-xi" and the rounding of r; to d/2 digits, and it is used only in the small correction x;-ri, SO
its absolute error reaches the new iterate unchanged. The cancellation is benign, as in A.3.2.

C.3 Operation Count

Binary exponentiation of x; needs M(n) = |logz(n)| + v(n) — 1 multiplications, where v(n)
is the number of 1-bits in n. With y as the initial value, y-x;" needs M(n) + 1 multiplications
at the level precision. Each Newton—Brent level adds the multiplication by 1/n (an exact
shift when n is a power of two) and the half-precision product x;-ri. The top step needs M(n
— 1) multiplications for x" ! and one for s at h digits, M(n) multiplications for s™ at the full
precision, and the product x™ !-(y — s") and the multiplication by 1/n at about h digits.

C.4 The Ladder Margins

Let the level below a level of d digits run at d’ digits, so that the input of the level of d
digits is correct to about d’ digits. By (C.4), the level delivers about 2d’ — L digits, with L
= logio((n + 1)/2), minus a fraction of a digit for rounding. The ladder uses:

d’=1d/2] + 1 + extra, extra=[L]| (C.5)

so the level delivers aboutd + 2 + 2|L] = L >d + 1 digits, since 2|L] — L >—1 forall L >
0. Each level therefore lands on its target with about one digit to spare, independently of n.
The stopping test of a level of d digits accepts its input if |r| < 107 with:

need=(d+0)2 -1, A=[L] (C.6)

2 October 2026. Page 74



Fast Square Root and inverse calculation for Arbitrary
Precision numbers

Here A is Ic in the source. An input that passes this test delivers at least 2-need —L =d + A
—L —2>d - 2 digits, and the margin in (C.5) makes the normal input pass with about two
digits to spare. A level that falls short is repeated, at most twice.

The top step starts from s = y-x* . If x = x*(1 + 5), then s = w(1 + 1) with n = (n — 1)3, so
s is about logio(n — 1) digits less accurate than x. The level below the top therefore runs at:

h=|(p+ g)/2] + 1 + extra + kmextra, kmextra = [logio(n — 1)] (C.7)
Table C.1 lists the margins for representative values of n. Without them, a simulation of
the algorithm repeated levels for n = 5, 100 and 1,000 at 1,000 digits and for n = 17, 100
and 1,000 at 10,000 digits, and for n = 1,000 the result lost 3—4 digits. With them, every
result for n = 3 to 1,000 at 20 to 10,000 digits was correct, and no level was repeated.

n L =logio((n+1)/2 extra A kmextra \
3 0.30 0 1 1
5 0.48 0 1 1
17 0.95 0 1 2
19 1.00 1 1 2
100 1.70 1 2 2
1,000 2.70 2 3 3

Table C.1. Ladder margins for the n-th root.

C.5 The Karp-Markstein Top Step

C.5.1 Algorithm
With x correct to about h digits, the top step computes:

X=x"1, s=y-X (hdigits) (C.8)
Ny =s+X:(y —s")/n (C.9)
X and s are formed at h digits. s" and y — s" are formed at the full precision p + g, and the

difference is stored with t =p + g — h + 2 + kmextra + [logio(n)] significant digits, which
is all the correction needs.

C.5.2 Convergence in Exact Arithmetic
Let s = w(1 + n), where 7 is the total relative error of s, including the rounding of X and s
to h digits, and let X = w ™ D(1 + «). Then y — s = —y(nm + C(n,2)n* + ...), and since
y.W_(n_l) =Ww:

X-(y = s"/n=—w(l + 1) + (0 — 1)2)n* + O(*))

s+ X-(y —s"/n=w(l —xn - ((n - 1)/2)n* + O(’))
Since s is X multiplied by y and rounded to h digits, n = k¥ + o, where o is the relative
rounding error of that product. Therefore:

efinal = —((n + 1)/2)-712 +omn+ O(n3) (C.10)
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The first term is the convergence error of a Newton step. The second term is the price of
rounding s: since |o| < 10" and | < 1074 it is at most 10" "°d < (.1¢’. This term is
what rules out a third-order top step: with h = (p + g)/3 it would be about 102",

The correction (C.9) divided by s is — to first order, so the top step tests the accuracy of
its input at no cost. It accepts the input if n| < 107 with need = (p + g + 1)/2; otherwise,
it refines x with one more Newton—Brent level at h digits and repeats. An accepted input
leaves a convergence error of at most:

(n+1)/2) 10 ¢ < 100 = ¢ (C.11)

since 10* > (n + 1)/2.

C.5.3 Cancellation Analysis

The subtraction y — s" cancels the leading digits that s already has correct. As in C.2.3, the
difference is exact apart from the rounding of s" and its storage to t digits, and it is used
only in the small correction, so its absolute error reaches the result unchanged.

C.5.4 Rounding Error of the Top Step
The errors in X and s are part of | and are removed by the step. The remaining operations
contribute:

Step 1: s™ at full precision (M(n) multiplications; < M(n)g’ relative to y)

Step 2: y — s", stored at t digits (<€)

Step 3: X:(y —s") (£¢’)

Step 4: multiplication by 1/n (< &’; exact when n is a power of two)

Step 5: s + correction (<¢)

The error of Step 1 is an absolute error of at most M(n)e’-y in y — s". It reaches the result
multiplied by X/n, and X'y = s = w, so it contributes only (M(n)/n)e’ relative to w. The
division by n that makes the convergence constant grow with n thus also shrinks the
rounding error of the power. Adding the convergence error (C.11) and the o term of (C.10):

I8total] < (M(n)/n + 4)e” + € + 0.1’ = (M(n)/n + 5.1)¢’ (C.12)

For n > 3, M(n)/n < 2/3, with the maximum at n = 3, so:

|8tota1| <5.8¢’ (C13)

for every n. When n is a power of two, Step 4 is exact and the bound is one unit lower.

C.6 Guard Digit Requirement

Applying the 1-ULP goal (C.1) to (C.12), and evaluating the result for representative n in
Table C.2:
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8

31
100
1,000

(M(n)/n +5.1)- 10 ®?"® < 15-107P
102> 2(M(n)/n + 5.1)

g >logio(2(M(n)/n + 5.1)) (C.14)
M(n) M(n)/n Bound (C.12) Min g (exact) Min g
2 0.67 5.77¢ 1.06 2
2 0.50 4.60¢’ ! 0.96 1
3 0.60 5.70¢’ 1.06 2
4 0.57 5.67¢’ 1.05 2
3 0.38 4.48¢’ ! 0.95 1
8 0.26 5.36¢’ 1.03 2
8 0.08 5.18¢’ 1.02 2
14 0.01 5.11¢ 1.01 2

Table C.2. Guard digit bound for the n-th root.

!'n is a power of two, so the multiplication by 1/n is an exact shift.

The bound lies between 4.5¢’ and 5.8¢’ for every n, so the theoretical minimum is g = 2
guard digits for all n > 3, and g = 1 would suffice when n is a power of two. Unlike the
earlier analysis of the bottom-up algorithm, in which the bound grew with M(n) because
x" was formed at the full precision in every step and the result was inverted at the end, the
bound here does not grow with n.

C.7 Recommendations

1. Quadratic convergence for all n. The error satisfies 8i+1 = —((n + 1)/2)8i* — ((n*> —
1)/6)5:> + O(8;*). The constant grows with n, but the order remains quadratic.

2. The n-dependence of the convergence is handled by the ladder, not by guard digits.
The margins extra = |logio((n + 1)/2)] and kmextra = [logio(n — 1)] make every
level land on its target with about one digit to spare, and the stopping test (C.6)
catches any level that falls short.

3. The rounding error of the top step does not grow with n. The power s" needs M(n)
multiplications, but its error reaches the result divided by n, so it contributes at most
2/3-¢’,atn=3.

4. There is no final inversion. The Karp-Markstein step delivers "™y directly, which
removes both an error term and a complete inverse computation at the full precision.

5. Guard = 2 is sufficient for all n. The total error is at most 5.8¢’, which gives a

margin of more than 8 times below the 1-ULP limit of 50¢’ at g = 2. This matches
the square root (Appendix A) and the inverse (Appendix B), so the library uses
guard = 2 throughout.
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